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Abstract. The aim of these notes is to generalize Laumon's construction )18| 
of automorphic sheaves corresponding to local systems on a smooth, projective 
curve C to the case of local systems with indecomposable unipotent ramifica- 
tion at a finite set of points. To this end we need an extension of the notion 
of parabolic structure on vector bundles to coherent sheaves. Once we have 
defined this, a lot of arguments from the article "On the geometric Langlands 
conjecture" by Frenkel, Gaitsgory and Vilonen IIUI carry over to our situation. 
We show that our sheaves descend to the moduli space of parabolic bundles if 
the rank is < 3 and that the general case can be deduced form a generalization 
of the vanishing conjecture of 1101 . 
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Introduction 

Before explaining the main result (Theorem 12.51) of this article in more detail, 
I would like to recall the setting of the geometric Langlands correspondence as in 

EH 

Let C be a smooth projective curve over a finite field F,. (As pointed out in ^0] 
and [23 > a lot of the arguments carry over to the case when C is defined over the 
complex numbers.) 

In this situation the Langlands correspondence — as proven by Lafforgue |16) 
— provides a bijection between irreducible ^-adic local systems defined on some 
open subset U G C and certain irreducible representations of GL„(A) contained in 
the space C°° (GL„(fc(C))\GL„(A)) called the space of automorphic functions. Here 
we denoted by A :— Y[[ci£C ^^'^ '^^-'^S adeles of the function field k{C) of C, 
and by C°° (GL„(fc(C))\GL„(A)) the space of functions (with values in Qf ) that are 
right invariant under some compact open subgroup of GL„(A) (for notations see 
Section jOJ. More precisely it is known (see e.g. |2I|) that for any representation 
tte corresponding to some local system E there is a compact open subgroup K such 
that tte contains a (up to scalar) unique K-invariant function A^. Further, this 
compact subgroup is determined by the ramification of E. Finally, note that the 
group GL„(A) does not act on the K-invariant functions, but the algebra of K-bi- 
invariant functions acts on these by convolution. This is the action of the K-Hecke 
algebra. The function is an eigenvector for this action, and it is determined by 
this condition. 

Drinfcld noted that this correspondence might have a geometric interpreta- 
tion. First consider the case K — GL„(C'). Weil explained that the double quotient 
GL„(fc(C))\GL„(A)/GL„(C') can be identified with the set of isomorphism classes 
of vector bundles on C (choose a trivialisation at all local rings of C and at the 
generic point of C, the transition hmctions give an adele): 

Bun„(F,) = GU(fc(C))\GU(A)/GU(0). 
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Furthermore, Grothendieck explained that any complex A of ^-adic sheaves on a 
scheme ^/f, gives rise to a function on the set of its points by 

trace : D''{X) J| Funct(X(F,.)) 

riGN 

A I— > trA(a;) :— trace(FrobFg„ , Al^;) 

and that a perverse complex is determinded by this function (|19|). 

Thus, Drinfeld expected that the above Ae should be of the form trA^ for some 
irreducible perverse sheaf Ae on the moduh space of vector bundles on C. He 
proved this for unramified local systems of rank 2. Later Laumon f|18j) gave a 
conjectural construction of Ae for local systems of arbitrary rank, and recently 
Frenkel, Gaitsgory and Vilonen (^Olidl) proved that by Laumon's construction 
one indeed obtains a sheaf Ae . 

Moreover, the action of the Hecke algebra also has a geometric interpretation 
in this case. Consider for example the characteristic function of the double coset 
GLn{Ox) (o w ) ^^ri{Ox), where is a local parameter at some point x G C. For 
a vector bundle £ the multiplication of the corresponding adele by an element of 
this set produces a subbundle £' C £ such that the cokernel is k{x). Further, every 
such subbundle can be obtained in this way. Drinfeld therefore considered the stack 
Hecke^ classifying pairs of bundles £' C £ such that the cokernel has length 1, i.e. 
deg{£') = deg{£) — 1 —: d — 1. This has forgetful maps 



Hecke^ 




Bun'* Bun'^-i xC 

With this definition the sheaf Ae has the additional property that 

R-(P»^smaii X quot)<prli^AE = Ae E, 

and a similar definition works for more general Hecke stacks. One says that Ae is 
a Hecke eigensheaf. 

Drinfeld also proved an analogous result for local systems of rank 2 with unipo- 
tent ramification at a finite set of points S C C(Fg) (see '8 ), this time producing a 
complex Ae on the moduli space of vector bundles of rank 2 with parabolic structure 
at S. The purpose of this article is to generalize this result. 

We will start with a local system E with unipotent ramification at a finite set of 
points S C C(Fq), and we further have to assume that the ramification group at 
these points acts indecomposably, i.e. that the sheaf j^, E (where j : C — S ^ C) has 
one-dimensional stalks at all points p ^ S. This additional condition is the reason 
why for the moment we can only prove our main theorem for local systems of rank 
< 3. 

In this case the corresponding automorphic function should be defined on the 
space GL„(/c(C))\GL„(A)/Ks, where Ks = Yixec-s ^^n{Ox)y-Y[xeS '"^^ and Iw^; C 
GLn{Ox) is the subgroup of matrices which are upper triangular mod x. As be- 
fore we can interpret this set as vector bundles with the additional structure of a 
complete fiag of subspaces of the stalks at all points in S: 

Bun„,s(r) := {{£, (F,,p) ,=i.....„ ) | £ G Bun„;0 C Vi.p C • • • C = ^ ® k{p)) 
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This is usually called the stack of vector bundles with (quasi-)parabolic structure. 
Note that this can also be described as: 

Bun„,s(T) {{£, (r'^') .=!.-...„) | £ G Bun„;£ C S^'f C • • • C £"'P = E{p)) 

which has a simple generalization to coherent sheaves: one only has to replace "C" 
by arbitrary maps "— »" and to add the condition that the induced maps f — > 
£'^'^{p) are the natural ones. This reformulation made our construction possible. 

The first step of our construction is to recall that in principle a candidate for the 
automorphic function Ae is known, but we do not know of an explicit calculation 
of this function. Therefore, we have to prove an explicit formula (Proposition . 
This motivates a generalization of Laumon's construction, and — as a by-product 
of the notion of parabolic torsion sheaf — we get a geometric interpretation of some 
Hecke operators for the group K, i.e. of the Iwahori-Hecke algebra. Our main result 
is then the following: 

Theorem 12. 5L For any irreducible local system E of rank n < 3 on C ~ S with 
indecomposable unipotent ramification at S there is an irreducible perverse sheaf 
on Bun„_5 which is an eigensheaf for the Iwahori-Hecke algebra. 

The strategy of the proof is the same as in ^U] , using parabolic sheaves instead 
of coherent sheaves, but some additional problems arise from the ramification of E. 
We reduce the theorem to an analogue fPrDOsition l7.1|l of the vanishing conjecture 
of loc. cit. In particular, we show that the above theorem would follow for local 
systems of general rank if this analogue held in general. 

The structure of the article is as follows. We start with the calculation of the 
Whittaker function for the Steinberg representation given in first section. This is 
an elementary calculation which served as motivation for our construction. 

In the second section we introduce the notion of a coherent sheaf with parabolic 
structure and prove the results needed to give an analogue of Laumon's "fundamen- 
tal diagram" and of Laumon's Whittaker sheaf We then define two candidates 
for an automorphic sheaf. At the end of this section we define the geometric Hecke 
operators corresponding to operators of the Iwahori-Hecke algebra which are needed 
to give a precise formulation of our main Theorem 12. 51 

After this short exposition of our results we try to clarify the notion of parabolic 
sheaves in Section 3. We explain the general structure of parabolic torsion sheaves. 
Further, we give an explicit description of the corresponding moduli stack, and 
finally we note some semicontinuity results. We then use these basic results to 
prove some properties of the Whittaker sheaf (Section 4). Here we give a 
substitute for the Springer resolution in the case of parabolic sheaves which can be 
used to calculate this sheaf, and we prove a Hecke property of C^. The problem 
arising in the proof of these results is that in our situation the above resolution 
is not small and the ramification of E also generates additional cohomology. By 
simultaneously proving the Hecke property and the fact that £g can be calculated 
via the resolution we see that the two effects cancel out. 

In the fifth section we then compare the geometric construction of Section 2 
with the calculation of the Whittaker function. The key idea here is to define an 
analogue of Drinfeld's compactification as given in ^U]. However, we can not copy 
the proofs of loc. cit., which use results on the afHne Grassmannian for which we 
do not know the corresponding statements for the afhne flag manifold. Instead, we 
give an elementary proof of a much weaker result, sufficient for our purpose. 
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With these results available we can follow the strategy of ^01 again and apply 
Lafforgue's result to deduce the existence of a Hecke eigensheaf on the moduli space 
of parabolic vector bundles whenever we know that the two candidates constructed 
coincide. This is the content of Section 6. 

In the last two sections we then prove a generalization of the vanishing theorem 
of for local systems of rank < 3 and deduce the assumption needed to prove 
our theorem in Section 6. This is again very similar to the arguments in loc.cit., 
however we have to take care of the Iwahori-Hecke operators, for example we have 
to prove that some of them are central elements of the algebra (see Lemma IV.Sf) . 

Acknowledgments. First of all I would like to thank my advisor G. Harder for 
teaching mathematics to me for such a long time. Furthermore I would like to 
thank G. Laumon for his help and encouragement during a wonderful visit to the 
Universite Paris-Sud. Without his help I would never have been able to start this 
project. I would like to thank the mathematics department of Paris Sud for the 
kind hospitality, and the DAAD and the Graduiertenkolleg in Bonn for giving me 
the possibility to stay there. 

0. Notations and preliminary remarks 

We want to fix some notations used throughout this article. 

0.1. The curve and its rings. We fix a smooth projective curve C defined over 
a finite field k = ¥q and denote by: 

• k{C) the field of rational functions on C. 

• Op (resp. Op) the local ring (resp. the complete local ring) at a point 
peC. 

• Kp := Quot(Op). 

• A ripec i'™S of adeles of k{C). 

• 0:=UpecOp- 

• :— ilc/k the sheaf of differentials on C. 
0.2. Groups. 

• We note by GL„ the algebraic group of invertible n x n matrices. 

• B„ C GL„ the group of upper-triangular matrices. 

• N„ C B„ the group of unipotent upper triangular matrices. 

• Pi C GL„ the subgroup fixing the subspace spanned by the first n — 1 base 
vectors and acting trivially on the quotient by this subspace, i.e. Pi{R) — 

{(^i l) MeG'L„_i(i?),«ei?"-i}. 

• Iw C GLn{Op) the group of matrices which are upper triangular mod p. 

We will further fix a non-trivial additive character ^ : ^ Q; . 
Choosing a meromorphic differential form lu this defines 

* : N„(fc(C))\N„(A) 

n-l 

*((t^p)pec) := n V'(tracefc(p)/F,(ReSp(^ Up,j,j+i)[j)), 
pec i=i 
where is the i-th entry of the first upper diagonal of the matrix Up. 
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To avoid the choice of a meromorphie differential form we wiU (as in often 
replace the group GL„x C/C by the group GL^ :— Aut(©"^jr2®"~*). More precisely, 
GL„ X C = Aut(C'®") is the automorphism group of the trivial vector bundle over C, 
since for any ring R the automorphisms of the trivial rank n— bundle over Spec(i?) 
are the same as elements of GL„(_R). In the same way points of GL„ are invertible 
matrices in which the (i,j)-th entry is a section of Hom(ri*~-'^, fi^"^) = In 
particular, the choice of a meromorphie differential lo induces a group isomorphism 
GL„(A) GL^j(A). Under this isomorphism ^ is induced from the canonical 

morphism GL„ (A) — > ¥q — > Q; defined by the sum of the residues of the upper 
diagonal entries. 

0.3. Fourier transform. For the additive character ip -.Wg ^ Q;* chosen above we 
denote by the Artin-Schreier sheaf on A^: Let AS : A^ ^^^^ ^ -^^ ^j^g Artin- 
Schreier covering with structure group F^, then 'J is the t/^-isotypic component of 
ASM- 

For a vector bundle E X of rank n on a scheme (or algebraic stack) denote 

V 

by E"^ ^ X the dual bundle and by <, >: E Xx E"^ the contraction. The 

Fourier transform defined in '19' is given by 

J-our : D\E) -> D\E'') 

K ^ Rp/(p*K® <,>* L^)[n]. 

0.4. The trace function of a complex. For a complex K of Q^-adic sheaves on 
a scheme (or algebraic stack) X we denote by trK the function: 

trK : l[X{¥g,.)^Qe 

n>0 

X ^ tr\{{x) := trace(Frob2:, Kj^:). 

0.5. Algebraic stacks. For the general theory of algebraic stacks we refer to the 
book of Laumon and Moret-Bailly |^. In particular, an algebraic stack will be a 
stack that admits a smooth representable covering by a scheme. 

We will view stacks as sheaves of categories for the fppf-topology. Thus to define 
a stack M we usually give the category of T-valued points of Ai and denote this 
as: 

M{T):^ {objects), 

where we use the brackets ( ) instead of { } to denote the category of objects 
in which the only morphisms are isomorphisms of the objects. 

Sometimes it is easier to give the T-valued points of a stack only for afhne 
schemes T over the given base, which is equivalent to the data for all schemes by 
the descent condition for stacks. This point of view is used as definition in loc. cit. 

0.6. Some remarks on generalized vector bundles. Recall that for a flat al- 
gebraic group G acting on a scheme X there is a quotient stack [AT/G] classifying 
principal G— bundles together with a G— equivariant morphism to X. In this sec- 
tion we will be concerned with the particular case of a homomorphism of vector 

bundles Eq Ei and take G := Eq acting additively on X := Ei: 
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Definition 0.1. (^) Let Eq — > Ei he a homomorphism of vector bundles on 
a scheme (or an algebraic stack) X. Then the quotient stack [Ei/Eq] is called a 
generalized vector bundle over X 

Lemma 0.1. Let Eq Ei be a homomorphism of vector bundles on some scheme 
(or algebraic stack) X. The stack [Ei/Eq] can be described as follows: 

For any affine scheme T — Spec{A) -^-^ X over X: 

lj,.,rj.,/ objects ={s€H\T J* El)} and for s,t ^ H\TJ* E^) 
[^i/^oJlJJ-y Hom(s,t) = {/iGffO(r,/*i;o)|s + 0(/i)-i} 

Moreover, any quasi- isomorphism of such complexes gives rise to an equivalence of 
the corresponding stacks, thus the stack [Ei/Eq] depends only on the class of the 
complex Eq — )■ Ei in the derived category of coherent sheaves on X . 

Example: Let C — ^ X be a smooth projective curve over some noetherian base 
scheme X, and let Ti,J-2 be coherent sheaves on C, flat over X. By [EGAIII] 
the complex Rp*(7Yom(J^i, JF2)) can be represented by a homomorphism of vec- 
tor bundles Eq — > Ei on X. By abuse of notation we denote by Ext fjFi . T7)] the 
corresponding generalized vector bundle on X. 

Note that this is well defined by the above lemma. The description of the cat- 
egories of sections given in the lemma tells us that this stack classifies extensions 

^ ^ ^ ^ ^1 ^ 0, i.e. for any T ^ X: 

m^[Ti,T2){T) = (0 ^ f*T2 -^T ^ fTi ^ 0). 

Proof (of Lemma To. First note that the claimed description of [E\/Eq\ defines 
a stack: 

1. We can glue morphisms, because sections of Eq form a sheaf. 

2. Any descent datum of objects is effective (i.e. we can glue objects): Let C/j 
be an affine covering of the affine scheme T. A descent datum for this covering is a 
collection of objects si G r(J7i, E\) together with morphisms hij G TiJJij, Eq) such 
that Si]u^- + 4>{hij) = Sjluij and hik[u,jk = ^jk\u,jk + hij\uijk- 

This implies that hij is a 1-cocycle, and since T is affine it must be a coboundary, 
i.e. we can find hi G H'^{Ui, Eq) with hi — hj = hij on Uij. Therefore we may 
define s'^ := Si — hi, and this collection of sections glues to give s G H^{T,Ei) with 
s\u, = s[. 

Thus we may define a morphism of stacks 



objects = {.s G H^{T,Ei[t)} and for s,t G H"{T,Ei) 
Hom(s,i) = {he H°{T,Eo)[s + 4){h) = t} 



[Ei/Eq]{T) 



mapping a section T ^ _Ei to the composition T ^ Ei ^ [Ei/Eq]. 

Since H^{T,Eq) — for an affine T any s G [£'i/£'o](r) is isomorphic to some 
s' G H^{T,Ei) and by definition any morphism between two elements s,t in the 
image of this functor is given by a section of H^{T, Eq). Thus the morphism is an 
equivalence of stacks. 

The above description of the stack [Ei / Eq] also shows that a quasi-isomorphism 
of complexes induces an equivalence of the categories of points of the corresponding 

stacks. nLcmma 
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Lemma 0.2. Let >■ E'q^—^ Eq -^-^ E'^ y he an exact sequence of 

4-0' . U 4-0" 
> E[^^^ El E'{ > 

(2 term- ) complexes of vector bundles on some (quasi-separated) scheme X. Denote 

by [E[/E'q\ [Ei/Eq] --^ [E'-^ / Eq] the induced morphisms of the generalized 
bundles, and let s" : X [E'-^ / Eq] be a section. 

Then locally over X the stack p^^{s") = [Ei/Eq] >^[e"/e"] ^ isomorphic to 
[E'i/E[^. More precisely such an isomorphism exists over any U ^ X such that 
there is a lift si e T{U, Ei) with p{si) = s. 

Remark: We might state the above as "p~^(s") is a principal homogeneous space 

for [^EJ/E'q]". More generally, we will call a morphism of stacks a generalized affine 
space bundle if it can be factored into a sequence of maps each of them locally (over 
the target space) isomorphic to a generalized vector bundle. 

Proof: We may assume that X = U, such that there exists Si G H^{U,Ei) with 
p(si) = s" (e.g. we can take U affine). 

Using the previous lemma, we find that p~^{s"){T) is the category with: 

objects = {{s, h") G r(T, E^) X T{T, E'^) ] pi{s) + cp"{h) = 

Hom((s, h"), {t, g")) = {/i G r(r, Eo)\s + <P{h) = t and po{ho) = h" - g"}. 

Thus we define: 

[E[/E'o] - Pl\si) 
H\T,E[)3s' ^ (n(s') + si,0) 
H''{T,E'Q)Bh' ^ io{h'). 

This is essentially surjective, since for affine T and any h" G H^{T,Eq) there is 
an /i G H°{T,Eo) with po{h) = h", and therefore any {s,h") = (s - (j){h),0). 
Morphisms of two objects in the image of the above map arc given by H'^{T, Eq) = 
Ker(if°(r, Eq) — > H^{T, Eq)), therefore this is an equivalence of categories. nLemma 
Application: We will apply this lemma in the following situation: Consider the 
morphism of stacks classifying diagrams (with exact lines and columns) of torsion 
sheaves on a curve C: 



forget 



where the degree of each torsion sheaf is fixed. 

On the right hand stack the exact triangle of complexes 

RHom(T3",T/) ^ RHom(T3",Ti) RHom(7^",T/') 

can be represented by an exact sequence of 2-tcrm complexes of vector bundles. 
There is a canonical s" of RHom(7^", T,") given by the extension in the lower line, 
and the projection map from p~^{s") to the base stack is the map forget-j-^. 

Thus, by the above lemma, we sec that the fibres of this morphism are isomorphic 
to the stack Ext (7^", T{). These stacks are generalized affine spaces, in particular 
the etale cohomology of the fibres is one- dimensional. 
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0.7. A lemma used more than once... The foUowmg general lemma is stated 
in Pn], a similar calculation is done in 0. I would like to thank Sergey Lysenko 
for explanations about this: 

Lemma 0.3. Let £ X be a (generalized) vector bundle, and denote by So ■ 
X ^ £ the zero-section of £. Let further K S D\^{£) be a complex of etale sheaves 
on £ such that the restriction of K to the complement of the zero-section descends 
to the projective bundle V(£) (e.g. a Gm-invariant complex of sheaves on £). Then 

Rp*K = SqK. 

Proof: We may assume that £ is a vector bundle, since for a generalized vector 
bundle [fi/£^o] the functor Rp.^ is defined via an acyclic representable covering of 
the bundle, i.e. by definition we may replace [£'i/£^o] by £i. 

Let j : £° := £ — so{X) ^ £ he the inclusion. Then we have an exact triangle 

^ K ^ so,*sSK ■ 

For the first term jij*K we have to prove that '[lp^,j\j*K — 0. If we can show 
this we are done, since the lemma is true for the last term, and the right hand map 
then gives the claimed isomorphism. 

Write K° := j*K. Then by assumption K° ^ proj*{K), where proj : £° V{£) 
is the projection to the projectivized bundle and K is a sheaf on V{£). To get a 
relation between £ and V{£) , blow up the zero-section of £, and denote the blow 
upby Bl,„(f): 



Blso(f) 




Note that Bl,,(f) V{£) is the line bundle 0(-l) over ¥{£). Let sv{£) : 

V{£) Bigg {£) be the zero-section (i.e. the inclusion of the special fibre of the 
blow-up). 

Since 

j\proj*{K) — Hbli j\ proj* (K) 

fci projective ~. ■*/T7\ 

= KbUj^pro] (K), 

we need to show that R(po bl)^,{j\ proj*{K)) — 0. But this is easy, since — as before 
— there is an exact triangle on Bl{£) 

j<proj*K -> prpf^^jK sp(£),,K ^, 

and the natural map induces 

proj. formula 

R-P''p(e),*P4(£)K - K = Rprp(£) „sp(£)^,K. 

Thus Rprp(-£-) ^j\proj*K = 0, and therefore R(p o bl)^j\proj*K = 0, since p obi 
factors through P(£:). □ 
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C°°(GU(A))^"(*)^* := / e C°°(GU(A)) 



1. The Whittaker function for the Steinberg representation 

As indicated in the introduction, for any local system E of rank n on C — S* 
with indecomposable unipotent ramification at points in S there is a particular 
function /e on GL„(A) which one expects to span the automorphic representation 
corresponding to E. 

In this section we will give a formula for this function, more precisely we will 
give an explicit formula for a function We from which /e may be obtained by some 
explicit transformation. This formula served as motivation for our construction, 
whereas it is not needed to define the geometric construction. The reader might 
want to skip the simple, but lengthy calculation. 

1.1. The Whittaker space. We will denote by C°° (GL„ (A)) the space of functions 
/ on GL„(A) with values in Q; such that there exists a compact open subgroup 
K C GL„(A) (depending on /) such that f{xk) — f{x) for all x G GL(A),fc G K. 
The same notation will be used for other locally compact groups. 
The space of functions 

f{ug) = ^{u)f{g) 
Mu G Nn{K),g G GL„(A) 

is called Whittaker representation of GL„(A). A subrepresentation tt of this repre- 
sentation of GL„(A) is called a Whittaker model for the isomorphism class of tt. 

Similarly let C;^Ssp(GL„(A))Pi('=('^)) be the space of functions which are Pi(A:(C))- 
invariant and cuspidal"'^ (see 0). Recall the theorem of Shalika ( 23 , 5.9) as stated 
in loc.cit.: 

Theorem 1.1. (Shalika) There is an isomorphism of representations o/ G/-„(A) 
<i>:C°°(G/.„(A))""(*'^* ^ C^,p(G/.„(A))^i('=(cr» 

g^venbyf ^ <I'(/)(.9) ^ /((^ J ) ff). 

Since the character ^E" is a product of characters of the groups N„(ifp), we 
may construct functions in the Whittaker representation as products of functions 
on GLn{Kp) which satisfy the analogous transformation condition for elements of 
N„(ifp). Thus, using Shalika's theorem, the strategy to construct automorphic 
functions has been to construct functions in the Whittaker model, then to apply <& 
and try to prove that the resulting function is not only invariant under the action 
of Pi(fc(C)) but really invariant under the action of GL„(A;(C)). 

In this chapter we will only be concerned with the local question, i.e. with 
representations of GLn{Kp) for one fixed prime p. The global Whittaker function 

WE{g) ■■= n WeA9p) 

pec 

corresponding to our local system will be given as the product of the local functions 
We,p- These are given by the formula of Shintani and Casselman, Shalika (see [3]) 
for all p G C — S. Whereas for p G S* the local factor is the Whittaker function 
of the Steinberg representation (twisted by the eigenvalue Ap of Frobp on the one- 
dimensional stalk (j„E)p) which is calculated below. 



^A reader unfamiliar with this notion may ignore it for the moment, it will be explained again. 
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1.2. The Steinberg representation. Fix a point p ^ S <Z C and choose a local 
parameter tt at p. Let 

This may be viewed as a character of B„(_K'p), by applying i5a to the diagonal 
entries of an element of Bn{Kp). In this interpretation S\ is the modulus character 
multiphed by A™i"'^"°"(<^'=*) . 

The (twisted) Steinberg representation Stx of GL„(Xp) is the unique irreducible 
subrepresentation of the induced representation 

fibg) = Sxib)f{g) 
ybeB.niK.p),geGLniKp) 

Here again C°°(GL„(ifp)) denotes the Q;— valued functions which are invariant un- 
der some compact open subgroup. For this representation there is a unique (up to 
scalar) nontrivial Iw-invariant vector, which is an eigenvector of the Iwahori-Hecke 
algebra 0]. We denote this vector by /iw Furthermore we know that this rep- 
resentation has a Whittaker model, and we denote the Iw-invariant vector in the 
Whittaker model by Wx and normalize it by the condition that Wa(1) = 1- 

1.3. The Whittaker function statement of the formula. For any d = 



Inde'lS^-^A := |/ e C°°(GL„(i^p)) 



(di, . . . , dn) e Z" denote by diag(d) 



the diagonal matrix and 



by fJ the permutation matrix corresponding to the permutation cr(ei) = e^-^j). 

Proposition 1.2. The unique \w— invariant function W\ in the Whittaker model 
of Stx, normalized by T40\(l) = 1, is given by: 



W^A(diag(d) ■a) = { q^.<.''.-'^. vol(lwalw) - <^^-'^^)>'r-H^+l) 

otherwise. 



^ -r — 1/-\^ — 1/- I T \ i.e. the entry in line i of a 
Hpr^ A^/^ 1/ ^ — J ^ ^ ^ ^ ^s rtqht of the entry below 

//ered<,-.(,)>,-i(,+i) - | ^ ^^^^^ 
and the volume is normalized by vol(lw) = 1. 
Remark: Since 

Q\-n{Kp) = B„(Kp)GL„(Op) 

= U^gs„B„(is:p)lw(7lw = U„65„B„(Xp)N„(Op)CTlw 

= Uo-es„B„(_ftrp)alw 

the proposition is sufficient to calculate Wx- 
Example: For GL2 we have 



TT 



otherwise. 



This is the formula used in Drinfeld's article |H1 



otherwise. 
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1.4. Eigenvalues of some Hecke operators on the Steinberg representa- 
tion. To calculate W\, we need first to compute the eigenvalues of the Hecke op- 
erators on the I w— invariant vector in St^. To this end we use the function /|,„. For 
an element g G GLn{Kp) we denote by Tg the Hecke operator given by convolution 
with the characteristic function of the double coset \wg\w, i.e. 



Tg : C(GL„(ifp)/lw) 
/ 



C(GL„(Xp)/lw) 



E 

hG\vjg\w/\w 



fix-h). 



The Hecke operators given by the following particular matrices t<i will be very 
useful^: 







/ 1 




\ 




TT • C j if j = 1 










t<i{ej) = < 


ej_i if 1 < j < i 


i.e. <<i = 




1 






^ Cj if j > i 




TT 










V 


1„-. / 



The following — presumably well known — lemma gives the eigenvalues of some 
of the operators Tg on /|,„: 

Lemma 1.3. (1) T'(diag(^<ii,...,^d„))/iw = '^-f\„ for all di > ■ ■ ■ > d„. 

(2) T^/iw = sign((T)/iw for all a G Sn- 

(3) Tt< J|„ = (-l)-iA/i„. 

Unfortunately, most of the results on Hecke algebras in the literature are for- 
mulated only for semi-simple groups. However, the Iwahori-Hecke algebra for GL„ 
differs from the one for SL„ only by the additional element T't<„. 
Proof: First we note that Borel shows in 4 that the eigenvalue of To- is 

{Ta)f\w = sign(cr)/i„ for cr e Sn- 

Further, we may assume /iw(l) — 1, since /iw(l) = would imply that f\„ is 
identically (see the calculations below), thus 

/iw( ■■. )-AS'''g-^.<.'''-'^Viw(l). 

V TT'^- J 

We apply this in the case di > • ■ • > c?„ to calculate 

Tdiag(d)/lw(l) = ^ /lw(5) 

Iw diag(f/)lw/lw 

gGN„(0)diag(d)lw/lw 

= vol (NJO) diag(d)lw),5(diag(d))/iw(l) 

= 5(i:.<.'''-'i.)5(diag(d))/iw(l) 
= aE'*')/,„(1). 



^In case i = n the corresponding operation on parabolic bundles is the upper modification. 
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Here we used that an element of Iw is a product of an element in N„(C') and a lower 
diagonal matrix contained in Iw, and that for di > ■ ■ ■ > dn 



( 1 



/ 1 



■ diag(d) = diag(rf) 



V p p 1 / 



G diag(rf) • Iw. 



Finally, to compute the eigenvalue of the operator Tt^i we first note that by (2): 

sign(fT) = T<^/|w(l) = /lw(c/) = V0l(IW(Tlw)/|w(fT). 

gGlwcrlw/lw 

Further we need a description of the corresponding double coset Iw • t<i ■ Iw/lw. 
Take an element k £\w and look at k ■ t<i: 



P lw„- 





f \\Ni ■ t 


O 






\Wn-i 




\ l-^*column 





= *<,- 



Thus, the matrices of the form t<i 





TT 

o 


^Ojl-' line 








1^* column 









TT ^Vl . 


.TT line \ 




u 










^n—i ) 





form a set of representatives for lwf<j Iw/lw. Set :- 
then we have 



1 



r 1 



...Vn-i \ 

-T— — / 



) 



□ 



Lemma 



1.5. The Whittaker function — proof of the formula. First we show the 
vanishing assertion. Wc know that W\{u ■ g ■ = ip{u)WX{g) for 7 S Iw and 
u G Nn{K). We therefore compute 



/ 1 Ml 

V 



/ 1 



1 Un-1 

1 J 



diag(d)(7 = diag(d)cr cr ^ 



\ 



=: Ua e Iw? 
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If Ua G Iw, we must have either iIj{u) = 1 or Wx{u ■ diag(d) • cr) =0, i.e. for 
a~^{i) > a^^{i + 1) our function W\ can be non-zero only if 



e p ^ Res(ui) = 0, 



that is di > di-f-i — 1 and if a^^{i) < a^^{i + 1), we need di > di^i. This gives the 
necessary condition for Wx 7^ claimed in the lemma. 

Next, we note that our formula holds for diagonal matrices with di > d2 > ■ ■ ■ > 
d„, because 

g6lw-diag(d)-lw/lw g£N{0) diag(d)-lw/lw 

= VF(diag(d)) ■ vol(lw • diag(d) • Iw) = H/(diag(d)) ■ g^-<j ^"''^ 

Now we proceed by descending induction on the number i such that a{j) — j for 
all j < i: Assume that a{j) = j for all j > i and cr^^{i) < i- 

We apply the Hecke operator Tj^. to express the value of Vl^{diag(d) • cr) for 
elements a with cr(i) — i — fc in terms of the value of W at points with a{i) = i — k+1, 
which we know by induction: 

Since W\ is an eigenfunction for Tt^., with eigenvalue (— 1)*~^A, we get 

(-l)*~iA-T^((T-diag(d)) (T^,M^)(cr-diag(rf)) = ^ W^(a • diag(d) • fc). 

/cGlwf<ilw/lw 



Put r :— aii) and write a ■ diag(d) = 
above is equal to 



D,. 



, then the 



/ ^1 





/ 












DrVl . . . Dr-Vn — i 






Di 












\ 








. . + 1,- ■ 





Here is the cyclic permutation (z, i — 1, ... 1) as in the proof of Lemma |l. 31 
Note that this gives the sufficient condition for W\ to be non-zero, because we 
know by induction that we must have (io-(i)-i > <icr(i) > da-{i)+i — 1, or equivalently 
dCT(i)-i + 1 £ + 1 < c?CT(i)+i- To conclude we have to check that we get the 
right power of q in the induction step: 
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(1) vo1(ct o (i, i ~ 1, . . . , 1) a') = q*{k<j\y {k)>cr' (j)} ^^^^ Yia.ve 

#{k < j\a'{k) > a'} = vol(a) - (i - cr(i)) + {a{i) - 1) = voI(ct) - i + 2a{i) - 1. 

(2) Write rf^^.j := + 1 and d'j := dj for j a{i). Then 

qE k<3 '^'k-<ij = g(Eji<3 <'fe-''3)+("-<^(»)-(<^W-i)_ 
So these terms differ by a factor which is what we needed to show. □ 
2. An analogue of Laumon's construction 

We fix an irreducible local system E of rank n on our curve C — S, ramified 
at a finite set of points S C C, such that the ramification group at any point 
p G S acts unipotently and indecomposably. We will state this condition as "E has 
indecomposable unipotent ramification at S" . 

We want to give a geometric construction for an irreducible perverse sheaf corre- 
sponding to the Fourier transform $(We) of the Whittaker function We, computed 
in the previous section. We will follow Laumon's construction closely, the only new 
ingredient needed for the construction being the notion of a coherent sheaf with 
parabolic structure. We will also need to prove generalizations of some results on 
vector bundles to the case of quasi-parabolic vector bundles. 

2.1. Parabolic vector bundles. Denote by Bun^ ^ the moduli space (algebraic 
stack) of vector bundles of rank n and degree d on C with a full flag at the points 
of S, i.e.: 



Bun;^c(T) :=({£,£(^'P^), 



£ a vector bundle on C x T 
£ C f (I'f) C • • • C f ("-I'P) c £{p) \ 
\cngth{£'-^-P^/£) = i r 
rank(£) = n, dcg{£) = d 

Note that the sheaf £^^'P^ /£ is automatically flat over T since it is of rank and 
its degree is constant. 

Remark: Usually one defines a vector bundle with full (quasi-)parabolic structure 
to be a vector bundle £ together with a full flag Vx^p ^ • • • ^ Vn,p = £ ® k{p) of 
subspaces of the stalk of £ at p. 

This is equivalent to the above definition — set 



f'-f := (^Kex{£ ^ f k{p)/Vi,p)^ (p), 



and conversely 

Vi,p := Ker {£ k{p) ^ £^''P^ k{p)) . 
From this reformulation we get a description of the points of Bun^ 5: Denote as 
before K := IlpeCC-s) GL„(Op) x Ilpes '^p, then^ 

Bunl,,.(r)(F,) GL„(fc(C))\GU(A)'^°™(^^^)=VK. 

And the double quotient Pi(i^)\GL„(A)/K contains the points of the bundle 
Hom'"j(C5) ^Bun^ S. 
Notations: 



''Recall that given a vector bundle £ one can choose a trivialisation of £ at the generic point 
and at all complete local rings of C. The transition functions then give an element of GL„(A), the 
double quotient is obtained by forgetting the trivialisations, keeping the flags at S. 
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(1) We will write £* := (f, f (*'f))^=i,...,„-i;peS. 

(2) Since 8 C f (^'^^ C £{p) we also get £{p) C £'^^'^\p), thus a parabolic bundle 
is a chain of vector bundles 

5(»,p) c g{^+^■P) c . . . c c c £(i'f)(p) c . . . , 

where the cokernel of every inclusion is of length 1 . For any integer k G Z 
we denote by f := £(''P){k-p). 

Note furthermore that since the map £ — > £{p) is an isomorphism on 
C — {p}, for two distinct points p,q G S the vector bundle f + £U'i) 
^(p + if' a vector bundle of degree d+i+j. We denote it by £J(*>p)+0''9) . 
Analogously we define ^(^■•S') := fSpesC^.p). 

Thus we can shift the whole complex to obtain parabolic structures on 
the vector bundle ^(''P) for all i. This is called the i— th upper modification 
off. 

(3) £{^p) := (£^^*'P\f(^'«)+^*'P))j=i,...,„-i,geS- This notation might be justified, 
because f is of degree d+i = d+n{^) and for i = n we get the canonical 
parabolic structure on the vector bundle £{p)- 

We now want to mimic Laumon's construction of automorphic sheaves for unrami- 
fied local systems. Consider for example the case of bundles of rank 2. We will view 
$(We) as a function on vector bundles together with a meromorphic section of fl. 
At a point Q ^ £ such that Q ^ £ and Q £^^'^'> are both maximal cmbcddings 
$(V[^e) is defined as the sum over all sections of f °/f2 with at most simple poles at 
S. But the line bundle {£/n){S) = £^^'^^ /fl, thus we might equivalently sum over 
all holomorphic sections of £^^'^"> /ft. 

To apply a similar consideration to bundles of larger rank, our calculation of 
We suggests that we need to consider quotients of £* by subsheaves which are 
not maximal. We therefore look for a notion of coherent sheaves with parabolic 
structure"' which allows the operation J^* i-» T*[^S). This is easy with the above 
definition of parabolic structure: 

2.2. Parabolic coherent sheaves. 

Definition 2.1. A coherent sheaf on C with n-step parabolic structure at S - also 
called parabolic sheaf /or short - is a collection of coherent sheaves T* := (T = 
jr(o,p)^jr(*,p))^^^^ together with morphisms (f>'-'^P^ : T'-'^p^ jr(»+i,p) for 

i = 1, . . . ,n and p G S (where := J^{p) ) such that in the resulting sequence 

0'"^-p) ^ ^ _ _ 0':::^'" _^(„-i,p) ^ ^^^^ ^'^p) ^(i,p)(p) 

^(i-i,p)(p)o...o<;i(''''' 

the composition of n maps j^(i,p) > j^ii^^p) ^5 the natural morphism. 

Note: 

(1) If the sheaf jr('^p) is not torsion free at p for some i, then the natural map 
jrii,p) _> jr{i,p) jg jjQ^ injective, so at least one of the (/>* 's is not injective 
(see the examples below). 

"^Whilc I was thinking about this, Norbcrt Hoffmann explained to me that one can formally 
adjoin quotients of vector bundles with parabolic structure to the category of such bundles to 
obtain an abelian category. The definition below may be viewed as a geometric interpretation of 
these quotients. I would like to thank him for the helpful discussion. 
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(2) The degree of JF* is defined as the coUection deg(^*) := (deg(J^*^*'*'')) o<i<r, . 

pes 

(3) Denote the algebraic stack of coherent sheaves of rank r on C with n- 
step paraboUc structure at 5* and (multi-) degree d = {d^^'P^)o<i<n,pes by 
Coh-(-, g. Since we usually fix the curve C, we will omit it and write Coh-^ 
to shorten this lengthy notation. 

(4) As in the case of vector bundles we define p^'-i'l+O-"') ■= (J-('.p) ffi JtO'I) )/jEr 
(for the diagonal embedding of J^). Note that this quotient is the sheaf 
isomorphic to T^^'P^ on C — q and isomorphic to J^^^'i^ on C — p. These 
sheaves glue, since both are canonically isomorphic to on C — {p,q}. 
Analogously we define JT^'^'^). 

(5) Again we define upper modifications as :— , jr(J'9)+(*'P)) o<j<n . 

Example: In our case, given a morphism fi®'""^) we get an induced para- 

bolic structure on the quotient We only use that = 

(£:/f^®("-i))(p) to get 

Q(gi(n-i) — — ^ — — > > > (p) 

(1) £ ^£a,P)— > y£(n-l,p) 1 ^£(^p) 



£/Q'S>{n-l) ^£(l,p)/Q®(n-l) ^ j. ^ (f /fl®*""^' 

Note that we can view coherent sheaf) as parabolic sheaf by 

defining Q'^in-m.p) si®(«-i) for i = 0, . . . , n - 1. With this definition the above 
diagram is an extension of parabolic sheaves. 
Prom this example we see that: 

Lemma/Definition 2.1. The category of (quasi-) coherent sheaves with n-step 
parabolic structure is abelian. 

We denote homomorphisms of parabolic sheaves by Houiparai > ), md the 

same for Extp^^.^,, etc. 

The category of quasi-coherent sheaves has enough infectives. 

Proof: The kernel and cokernel of a morphism can be defined componentwise. All 
compatibilities thus follow from the corresponding ones for coherent sheaves. 
Furthermore the above example shows that: 

Remark 2.2. The stack Coh^ classifying coherent sheaves of rank k and degree 
d can be embedded into the stack of parabolic sheaves: 

j:Gohlc Coh5-<^) 

For a coherent sheaf on C we will write {J^)' for its image j(J^). The functors 
( )• and ( are adjoint functors: 

Homp,™((.F)',g') = Homoc(^,a(°'^)) 

and 

Homp„™(g', {ry) = Homoo(a("-''^\:^). 
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For an injective sheaf T the adjunction property yields 

Hompara(^', [1)') = Homoc (^'"~''^' , I) • 

Since the functor ( jg gxact we conclude that Honipara( , (^)*) is ex- 
act. Thus choosing embeddings Q"^'^ ^ Xi^p into injective sheaves Ti^p we get an 
embedding Q' ^ S){Xi^p)* {^^^^S + of Q into an injective parabolic sheaf. 

n Lemma 

By the above we also have: 

Lemma 2.3. The extensions of a parabolic sheaf J-* by a line bundle C are classified 
by Exti,^(.F("-i^^),/:), z.e. 

Exti_(.F-,(/:)-) = Ext^^(j-("-i^^),/:). 

Proof: By the above remark any injective resolution of C defines an injective 
resolution of (C)', and to such a resolution we may apply the adjunction formula. 

^Lcmma 

Note that we could give another proof of this lemma, calculating the Yoneda-Ext 
groups directly via the diagram The only thing one has to check is that in this 
diagram we have f^^'P' ^ £:(«-i.p) x (£(„-i,p)/f2®„_i) (£:(*^P)/rj®"-i). 

Corollary 2.4. Let be a parabolic sheaf and let C be a line bundle on C . Then 
we have by Serre duality: 

Exti_(^-,(/:)-) = {RompU{C(^n-'n^^s),T')r. 

Proof: This is just an application of the adjunction isomorphism to 
Ext^^(^("-i'^),/:) =Homo^(/:®r!-\.F("-i'^)). 

□ 

The above version of Serre duality fCorollarv l2.4|) suggests to denote O* :— (O)* , 
n' := and analogously fl*^'' ;= (fl'''^'')' (k^S). Then we can put 

C := il®'^ to deduce from the corollary that: 

Exti_(.f-,f]'-^-) - RompU^''^-\^'r- 

2.3. The fundamental diagram. Reformulating the preceding calculations for 
families of parabolic sheaves allows us to construct a variant of Laumon's "funda- 
mental diagram" as follows: Denote by f*,,;^ (resp. J^'^w) the universal parabolic 
sheaf on Bun^ s ^C* (resp. on Coh- g xC) and let pi be the projection to the i— th 
factor. 

We can view the sheaf pi_*(7iom(p2f^*^"~^, 5*^^;^)) as the classifying stack for 
parabolic vector bundles £* together with a homomorphism £*. Denote 

this stack by: 

Hom„(T) := {{T'.n'-"-' J'') \ J'' G Coh^^^). 

Write Hom"^ for the open substack of Hom„ where (j) is injective. 

Similarly write Ext^'j for the stack classifying extensions of parabolic sheaves by 
fl*'": 

Exfi (T) := (0 ^ 17-^" ^ -^T'^0\:F'e Coh^s)- 
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Note that there are open substacks BunJ^' C BunJ^ g and Coh^'^°°^^ C Coh^ g 
such that the restrictions of Hom„ and ExtJ^ to these substacks are vector bundles. 
More precisely we will call a coherent parabolic sheaf J^* good if 

Honipara(:^*, ^cjk'^^) = for alll < i < n - 1. 

By Serre duality this condition guarantees that 

Ext^a,a(f2*'"-\ J^*) = Ext^^(Jl"-\ = 0, 

and moreover the same will be true for any quotient of J-'* . 

We define Coh^' to be the stack of good parabolic bundles. Over these stacks 
the semi-continuity theorem tells us that the sheaves p*Wompara(^>2^*'"~*^•?^^niv) 
and R^pl,*(?iompa^a(P2^*'"',.?^^niv)) indeed vector bundles over Coh^'^°'^. Fur- 
thermore we have: 

Exti = RVi,*(Hompara(p^r!''", J-VJ) 

since the corresponding R°j3i,* vanishes for good sheaves. We will always consider 
the stacks Ext^ and Hom„ as stacks over Coh^°^'^. 
As in Laumon's construction we have: 

(1) To give a short exact sequence — > !F* — > it is sufficient 
to define the datum ~^ ^n- To restrict this remark to good 
parabolic sheaves we denote by Ext^'^°°*^ C Ext^ the substack consisting 
of extensions in which the middle term is a good parabolic sheaf (therefore 
the right term is good as well). Wc then have an isomorphism 

J„ : Hom„ ^ Ext^'Sood _ 

(2) Over Coh^ g the bundles Hom„ and Ext^'^ are dual vector bundles. 

Therefore we can define a fundamental diagram (which we split into several 
diagrams): 



Hom„ 



-4 Exti'8°i°'^<-^ 



-4 Exti_i 



Coh; 



djgood 
n.S 



Coh: 



,-l,S'SOod 
-1,S 




XT J 

Hom„_i 



-^Ho 



Exti. 



Coh 



ti,good 
-1,S 



Coh- 



, ,good 
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Here the last line is the same as the first one with n replaced by n — 1 . Thus we 
can continue this to end up with Coh^°^ (we drop the superscript "good" , since all 
torsion sheaves are good) . We have to keep track of the degrees of the parabolic 
sheaves: 

dn^i = {dn-i - (n - i - 1), dn-i - (n - i - 2), . . . , d„_,;, . . . , dn-i) 

i+l — times 

i 

with dn-^ ■.= d- ^((n - j){2g - 2) + (n - J + 1)). 
i=i 

In particular, continuing the above diagram to the right, the last term will be 
Cohp''^' ' '''''''. Laumon's construction started with a sheaf on CohQ° which corre- 
sponds to the Whittaker function for unramified local systems. This sheaf is pulled 
back to ExtJ'*°°"^, then one applies the Fourier transform for the bundles in (jSJ and 
then continues with pull backs and intermediate extensions for the maps jHom and 
jExt in the upper line of the diagram until one ends up with a sheaf on Hom„. 

Thus, in our situation we need to find a sheaf on Cohg°g that corresponds to the 
Whittaker function as calculated in Section 1. 

2.4. The Whittaker sheaf C^. As noted in Section there is an open embed- 
ding of torsion sheaves of degree d^ on C — S to parabolic torsion sheaves: 

r ^ T' = {T,T(''P'> :=T). 

The map j is open, since the condition that supp(T^°''^)) C C — 5 is open. 

Furthermore we have Laumon's Whittaker sheaf Ci'! on Cohn°r^ c.. Re- 

t|c-s u,o— ii 

call the the definition of 'C^j'^ ^: Let Ej^^^-lj. be the symmetric product of E re- 
stricted to the symmetric product {C — 3)^'''°^ of the curve C — S. Denote jc-s '■ 
(C - 5')(''o) D^o/CM-D) QQj^rfo^_^^ .^j^j^j^ almost an embedding (see [HI). Then 

^E\c-s — JC-S'Mc^S- 

Definition 2.2. We define the Whittaker sheaf corresponding to E to be 

We will prove some properties of the Whittaker sheaf justifying its name in 
Section 

2.5. Putting everything together: The Fourier transform of C^. Now let 

quot : Ext^ {J^',0') Coh^"^, (C ^ T^) ^ J"' be the quotient map and 

denote the Fourier transform by JTour : Z3''(Homfe) £'''(Ext^). Following the 
fundamental diagram ^ from right to left we define: 

Definition 2.3. We inductively define the sheaves F| and F|| on Hom™^ as 

Fe^^ := /fc+ijExf^OUr(jHom,!*FE), 
FeV := 4*+lJExf^0Ur(jHom,!F|j). 
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The restriction of the sheaf to the stack of vector bundles with a section of 
j-j»,ri-i ^jjj Q^j. candidate to descend to an automorphic sheaf on Bun^ g. By 
construction this is an irreducible perverse sheaf (because this property is preserved 
by Tom, jHom,!* and jg^J. 

As in ^7] we also define the sheaves F| , , because it will be easy to prove that 
these have a Hecke eigensheaf property, and finally (in Section (SJ we will show that 
they are isomorphic to Fg for A: < n < 3. 

To end this section we want to state our main theorem. To do this we need to 
define geometric Hecke operators for parabolic sheaves. We first give an example 
indicating the relation between parabolic torsion sheaves and the Iwahori-Hecke 
algebra: 



2.6. Parabolic torsion sheaves and Hecke operators. Assume for the moment 
that n = 2, S = {p}, and consider the stack CohJ^. Take any T* S CohQ^. If 
supp(T) ~ q ^ p, then T* = {k{q)), but if supp(T) = p, then T* is isomorphic to 
exactly one of the following sheaves: 



(1) % 


= kp 


id ^ 

— > 1\ 


= kp 




- k ^ 

— Kp > 


(2) % 


= kp 




= kp 


^%{p) 


= kp > 


(3) To 


= kp 




— kp 


-^%{p) 


= kp > 



We want to relate these sheaves to some Hecke operators of the Iwahori-Hecke 
algebra at p, acting on parabolic vector bundles of rank 2. To do this, we consider 
torsion free extensions of a vector bundle £'* by the first complex: 



■> gi{0,p) > £/(l,p) y g'(°'P)(p) > £'^'^'P\p) > • ■ • 

I I J, i 
4 £(0,p) -^-^ g(l..p) '-^ £:(0,P) (p) iLZ4 £il,p) (^p) ^ . . . 

-J^ -J^ -J^ 4^ 

^ rCr> ^ r^Tt ^ rjp ^ rCr) Y ' ' ' 



The middle map in the lower sequence is 0, therefore 0^ factors through f (^'P) 
S'^^'P\p). Since all the bundles f are locally free this map is injective, and since 
the two bundles have the same degree it is an isomorphism. 

The same argument shows that (j)^ does not factor through so the upper 

line is given by a parabolic structure on the vector bundle £^^'P\ different from 
the canonical structure (f^^'^*))*. Thus extensions of this type are the set indexing 
the summation of the Hecke-Operator T(oi\ oTio i\. According to Lemma 

this operator should act with eigenvalue trace(Frobp, Ep) on the Whittaker sheaf. 
Analogously we find that summing over extensions of parabolic bundles by the 
second torsion sheaf calculates T^o w^oTf^a ly Finally the third torsion sheaf gives 

the Hecke operator T^o which acts with eigenvalue — trace(Frobp, Ep) on the 
Whittaker function. Note that this torsion sheaf is a point of codimension 2 in 
CohJ'p, and thus the perverse sheaf Ce will have some at this point. The minus 
sign of the eigenvalue will come from taking the trace of Frob on this cohomology 
group of odd degree (see Section 4). Therefore we define generalized Hecke operators 
as follows: 
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Fix non negative degrees d = di+d2, and let Hecke^'— be the stack classifying 
extensions of parabolic sheaves of degree da by torsion sheaves of degree di, i.e. 

Heckei^'^ := ((0 ^ J^" ^T' ^ ^)\T" e CohJ^, T" G Cohf^^). 

The forgetful maps give rise to a correspondence 



Hecke^; 




RTsmallXgwot 



Coh^s X Coh^g . 



j.c/l,d2 



Definition 2.4. The Hecke operator H^'— is defined as 



K 



^'(Coh^xcohf;-^) 

H^—K := 'R{pr small x ^wot), oprl^gK. 



To define operators on parabolic vector bundles which correspond to the action of 
the Iwahori-Hecke algebra we have to introduce for every (0, . . . , 0) < e < (1, . . . , 1) 

the stack 

CoIiq 5 :— Coho,s /central GTO-automorphisms. 
And we define more Hecke correspondences: 



e Bun^-| 




all X pre 



Bun! 




Prsmall X qu&. 



n.S 



Here Bun^ ^ denotes the moduli space of torsion free parabolic sheaves of degree 
d'^'P = d + i — e^'P, i.e. the moduli space of vector bundles with partial parabolic 
structure at S. 



Bun„^5- xCoho s Bun- g xC. 



H^K := Ii{prsmaii x quot)\ oprl^ K. 



Definition 2.5. The Hecke operator H- is defined by: 

K 

For e = (1, . . . , 1) we set: 

K 



D\Bnni-i xC) 

HcK := Tl{pr small X prc)\ op^LK. 



Finally note that the sheaf C\ descends to a sheaf on Coho 5. Denote by 
jc ■ C — S ^ C the inclusion. We will prove the following: 



Theorem 2.5. Let E be a local system on the curve C — S with indecomposable 
unipotent ramification at S and assume n = rank{E) < 3. Then 

(1) ^ F^,. 

(2) Fg descends to a nonzero perverse sheaf A^""^ on Bun^'^°°'^. 
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(3) fK^°'^ extends to a Heckc eigcnslieaf Ae on Bun„^s, i.e. there is a unique 
extension Ae of A|'""^ to Buii„^5 such that: 

H^Ae ^ AeKIZe 

H-Ae = /orO<e<l 

HI,Ae = AeKjc,*E 
and the isomorphism 

Hq o HqAe = Ae jc,*E jc,*E is S2-equivariant. 

Furthermore, we will show that this implies that the function trA^ is an eigen- 
function for the action of the Iwahori-Hecke algebra. Indeed, by the example given 

above we have already seen that the points of Cohp 5 give a set of generators for 
the Iwahori-Hecke algebra (the invertible element corresponding to 0O{-^p) and 
the operators corresponding to the transpositions in Sn generate the algebra). 

3. Some properties of parabolic sheaves 

This section is an attempt to clarify the notion of parabolic sheaves. First we 
give a description of the isomorphism classes of parabolic torsion sheaves, then we 
prove some lemmata concerning homological algebra of parabolic sheaves. At the 
end of this section we give an explicit description of the moduli space of torsion 
sheaves on with parabolic structure at 0. All these results are simple, but for 
completeness they are collected in this paragraph. 

3.1. The structure of parabolic torsion sheaves. The structure theorem for 
modules over principal ideal domains shows that any torsion sheaves on a curve 
C/k is a direct sum of sheaves of the form 0/{p'^) =: Odp for some prime ideals p. 
We will prove a similar result for parabolic torsion sheaves. The constituents of a 
sheaf T* supported in p e 5 will be of the form (we only give the sheaves in degree 

— > o/p'^ ^ — > o/p^ -* o/p^'^-i) ^ — ^ e>/p(''-i) O/p^ ^ . . . ; 

more precisely these are isomorphic to ©^^(^p) {j^P) / ^' i^-^P) ^ov some 

< k < i G N, and in the sequence above d = \^~\ is the smallest integer bigger 
than K The key step is to prove: 

Lemma 3.1. Let T* be a parabolic torsion sheaf supported in p € S, and let 
further 0*k^{^p) ^ T* be an inclusion such that the sum of the degrees of the 
torsion sheaves occurring in 0*k^{^p) is maximal. Then there is a splitting oftp. 

Proof: Since T* is supported at p, we may assume that S = {p}. We choose a 

local parameter tt at p. Shifting our sequences we may further assume that i = 0. 
Note that any inclusion O^'p ^ 7'('">p) gives rise to an inclusion of some 
(^) ^ ^* with d' = [^]. Thus for a maximal embedding tp we know that 
d = [^] is the maximal length of the torsion sheaves occurring in T*. In particular, 
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any inclusion Odp ^ T^"^'P^ splits. Thus wo have 



O 



(d-i)p ■ 



TO 



-4- • • 



-4 a 



(d-i)p' 



-4 a 



tip ■ 



1pn-l 



(d-i)p 



(where the number of submodules of the form 0(^-1 )p might be zero). We know 
that there is a splitting for ipn-i^ and this induces compatible splittings for ipi for 
r <l <n — \. In particular, if ^ e N (i.e. in the upper line of the diagram all terms 
are of the form Odp), then any splitting of ^Jn-i induces a compatible splitting for 
if). We may therefore assume that Vo : C(d-i)p ^ and that d — 1 ^ 0. 
Claim: There is a splitting of V'r-i- 

Otherwise ?/jr-i(l) = tt • e^-i for some e^-i G 7"''"'^ with TT'^~^er-i ^ 0. Then 
7r''~^'/>n-i(er-i) = 7''''~^(0n-i(7''er-i) = 7''"~^Vra-i (1) 7^ Contradicting the maxi- 
mality of -. 

Thus we only need to find a compatible splitting of ipr-i and V-'n-i- To do this, 
we may replace T*""^ by its image in T"~^, since the above argument still works for 
this replacement. We then have T'"~^ ^ T"~^, and the cokernel of </>„ is of length 
1. In this case any splitting of V'r-i can be extended to one of iin-i- (Choose a 
decomposition T''"^ = O(d_i)pV'r-i(l)©0i CdipCj. Then either (/)„_i(ei) generates 
a direct summand of T"~^, or (^„_i(ej) = 7re^, and e- generates a direct summand. 
Completing this to a decomposition of T""^ into indecomposable sheaves we can 
define an extension of tpr-i-) D 

Prom this lemma we get: 

Proposition 3.2. (Structure of parabolic torsion sheaves) 

(1) Any parabolic torsion sheaf is a direct sum of sheaves of the form 

Oi^iip)' = 0'{ip)IO'{i^p), i,j e N, p e 5 

and sheaves supported outside S . 

(2) Any parabolic torsion sheaf T* has a filtration T* C T'+i C ■ ■ ■ C T* such 
that the filtration quotients T'j^^jT* are isomorphic to one of the following: 

(a) T'^^/T; - (kiq))' andq^^S 

(b) There is a pq S and, < io < n such that 

io,P = Po G S 
else. 



n-{hp) fn-ii,p) _ / KPo) i 

^3+1 1^3 - I el 



(3) Any parabolic torsion sheaf T* of constant degree degT* — (d, . . . , d) has a 
filtration T-^* C ■ ■ ■ C T* c ■ ■ ■ C T* such that deg{T*) = {i,...,i). 

Proof: Since for any torsion sheaf T we have a canonical decomposition T = 
(Bqesupp(T)'^ ^ Oc,p, we may assume that T* is a parabolic torsion sheaf concen- 
trated in a single point q, i.e. supp(T'^*'''^) — q for any {i,p). 

li q ^ S, we know that all the T^^'P^ are isomorphic because the functor ®Oc{S) 
is the identity functor on sheaves supported in C — 5. Hence T* = (T'CO'P))* and 
for torsion sheaves without extra structure the lemma holds. 

For torsion sheaves supported in S the previous lemma implies (1) and the 
sheaves Okp{^p) have a filtration satisfying (2) Counting degrees we also get (3). 
□ 
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Finally note that for an arbitrary parabolic sheaf the torsion subsheaves are 
always a direct summand: 

Remark 3.3. Let J-* he a parabolic sheaf on C/k. Then J-* = f * © T*, where T* 
is a parabolic torsion sheaf and all £^'^ are torsion free. 

Proof: We know that T* := torsion(.7^' ) C is a parabolic torsion sheaf and 
jr(o,s) ^ ^(o,s)0£;(o,S)^ ^^^j since the i^^^'^*^ are isomorphisms over the generic fibre 
of C the images 4>i,p{^'^'^'^^) can be used to define maximal torsion free subsheaves 
of , these define the desired decomposition. □ 

3.2. Homological algebra of parabolic sheaves. 

Lemma 3.4. For coherent parabolic sheaves on C/k the functors Extp^„ vanish 
for i > 1. 

Proof: Let T' be a parabolic sheaf. We prove that Extp3^j.j^( ^T') = for i > 1 
by descending induction on the rank and degree of J-* . 

For a line bundle £ on C the functor Hompara( j ('C)'(^<S')) coincides with a 
Hom— functor on coherent sheaves, and for Ext^^ the lemma holds. By induction, 
we may therefore assume that is a parabolic torsion sheaf. By Lemma 13.21 
giving the structure of parabolic torsion sheaves, we may further assume that T' 
is a quotient of two line bundles of arbitrarily high degree, which establishes the 

claim. DLomma 

Lemma 3.5. Let T* be a parabolic torsion sheaf and E* a parabolic vector bundle. 
Then: 

(1) dim(Extp^^^(T*, iS*)) and dim(Hompara(^', '^*)) only depend on rank(£*), 
deg(£:') anrfdeg(T'). 

(2) More precisely, for T^^'P^ = | e^e^"'^ " ^" ""^ '^""^ 

dim(Exti_(r*,f-)) = deg(f (^+1'^')) - deg(f (^^f)). 

dim(Homp,™(£:',T')) = deg{£^''P^) - deg{£^''^^P^). 

(3) //deg(T*) — {d) is constant, we get 

dim(Ext^^^„(r',f)) = d ■ rank(f ) = dim(Hompa™(^*, T*)). 

Proof: We give a proof of the statements on Extp^i-ai the case of homomorphisms 
is even simpler. Since £* is torsion free, Hompara(^', £*) = 0. Thus for any exact 
sequence T" — * T* ^ T"* the sequence 

^ Extl,,,{T",£') ^ Extl,,,iT',£') ^ Extl,,,{r" ,£') ^ 

is exact as well. 

To prove the lemma, apply this remark to the filtration T* C T' constructed in 

Lemma|S21(l) and reduce to the case T'^'-p^ = | ^^y^2^^^^° ■ We may 

shift £',T' and assume that ig = 0. Write T = {£)*/{£)*{— ^po) for some line 
bundle C and for simplicity choose deg(£) << such that Ext^ — for 
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all p G S*, — 1 < i < n. Then 

dim(Extl,,jr*,f)) = x(RHompara(/:'(-^P0),£')) -x(RHompara(/:',f*)) 

= dim(Homo(£,£:(i'P«))) - dim(Hoino(£, £:(°'f«))) 

^Lcmma 

3.3. The moduli stack of psirabolic torsion sheaves. First let us consider the 
moduli stack of torsion sheaves on with parabolic structure at p = as an 
example: 

This stack classifies sequences of torsion sheaves^: 

with the property that the induced maps % —>■ Ti(p) arc the natural ones. 

Recall that a single torsion sheaf T on can be described by giving its vector 
space of global sections _ff°(A^,T) together with the endomorphism given by mul- 
tiphcation by the coordinate t of A^ = Spec (A; [t]). Hence we get a presentation of 
the moduli space of torsion sheaves of degree d on A^ : 

Coh^^Ai S [Matd,d/GLd], 

where GLj acts on Mat^.d by conjugation. (Under this identification the support of 
a sheaf is given by the eigenvalues of the corresponding matrix, and the length of 
the indecomposable summands is given by the Jordan decomposition.) 

For torsion sheaves with parabolic structure we can define a similar presentation 
as follows: 

Note that the natural map T' — > T^{p) is given by the multiplication by the 
coordinate t. Thus for any collection (ci,; : fc®*^*-! fc®''')"=i may define Tj by 
{k®''"' , 4>j o <j)j-i • • • ^1 o (/)„ o • • • o and with this definition the automatically 

define homomorphisms 7i_i — > 7^ of -modules. This proves: 

Lemma 3.6. 

Cofi*{p}''""' - [Matd^do X Matd^d, x • • • x Matd„d„_J{GLd, x • • • x GLd„_J], 

where an element {go, ■ ■ ■ ,gn-i) € GLd^ x • • • x GLd„_i operates on (0i, . . . , (?i„) € 
Matd^,do X Matd2,d^ x • • • x Matdo,dn-i 

{go, . . . , Qn-l) ■ {(1)1,..., M ■= {9l(t>l9o^,92(t)2gi^,...,go(t>ngn-l)- 

^Lemma 

Corollary 3.7. For any smooth curve C and any finite set S C C{k) the stack 

is a smooth stack of relative dimension 0. 

Proof: To show the lifting property for smoothness at a point T* G Coh^^, we 
only need to consider sheaves on Spec{Ilq^supp{T)Oc,q) ■ But for a smooth curve we 
know that Oc,q — k[[t]] = Oai.O) and therefore it is sufficient to prove the corollary 
in case C = A^ and S = {0}, which is proven in the previous lemma. □coroiiary 

suppress the upper index p since we have assumed that 5 = {p} = {0} 
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In case one does not want to consider deformations of parabolic sheaves one could 
use the above lemma and the fundamental diagram to get smooth presentations of 
the stacks Coh^ g-. 

Corollary 3.8. For any smooth curve C and any finite set S C C(fc) the stacks 
Coh- g are smooth algebraic stacks. 



4. Properties of the Whittaker sheaf 

Our main goal in this section is to prove a Hecke property of the sheaf defined 
in 12.21 (Proposition 14. 8() . In the case of unramificd local systems Laumon proved 
this in two steps: First he introduced a small resolution of the stack of torsion 
sheaves, defined as the stack classifying torsion sheaves, together with a full flag of 
subsheaves. Thereby he obtained a geometric description of the Whittaker sheaf, 
which he then used to prove the Hecke property. 

Translating this into our situation we encounter two problems. The first one is 
that is already a complex of sheaves. The second problem is that the analogue 
of Laumon's resolution is not small in the case of parabolic torsion sheaves. 

Since £^ is a perverse sheaf on the moduli stack of parabolic torsion sheaves 
and most of the questions are local in the etale topology we will often be able to 
reduce to the case that our curve is and our local system is ramified only at the 
point 0. Our first aim is therefore to calculate C\ in this case. After translating 
these results into the general situation we then proceed with Laumon's strategy 
as described above. Here we simultaneously prove that the Hecke property of 
holds and that we can give a geometric description of 



4.1. Calculation of the sheaf ji^E on Coh^^i p. Consider the case C = 
and S — {0}. Let E„ be the n— dimensional local system on G™, ramified at 
0, such that the ramification group acts unipotently and indccomposably — i.e. 
the invariants under the ramification group arc 1-dimensional — constructed as 
follows: We have Ext^^ (Q,(-l), Q,) = i/i(G,„, Q,(l)) = i?i(G„„ Q,)(l) = 
and therefore there is a unique nontrivial extension E2 of the sheaf Qi{—1) by 
the constant sheaf Q^. The long exact cohomology sequence corresponding to this 
extension gives E2) = Qf(— 2), thus we can repeat this argument to define 

E„, filtered by = Ei C E2 C • ■ • C E„_i C E„ with subquotients Ei/Ei_i ^ 
Qe{—i + !)■ Alternatively we could describe this as Sym'^~'^{E2). 

Since CohJ - the stack of torsion sheaves of length 1 on G„i - is isomorphic 
to [Gto/G„i] for the trivial action of G„i on G„i, the sheaf E„ descends to a sheaf 
on Cohg which we denote again by E„. 

We want to calculate the middle extension j!»E„ with respect to the inclusion 
j : CohJ — > Cohp'^i (where Cohp'^i ^^^-j is the stack of torsion sheaves with 
fc— step parabolic structure - in this section we allow n ^ k). Because of the theorem 
on smooth base change it is sufficient to do this on a smooth representation of these 
stacks, for example: 
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Cohl, 



0,G„ 



So we are left calculating j!»m*E„ on A*^. 

Denote Di := {xi = 0} C A*^ and for a subset / C {l,...,fc} define Dj := 
r\i(=iDi. This stratification of the complement of gives rise to open immersions 



A* 
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J2 



(o,...,o) 



3k 



And j!*m*E„ = r<''Rj, 



<fe-ll 



R-J/c-i • • ■ T Ilji_^m*En (this is a definition in 
Intersection Homology II and a proposition (2.1.11) in Faisceaux Pervers [3]). 
To simplify notation, let Ui := A'^ — U^i=iDj and denote E„ := m*E„. 



For fc = 1 we have i?Pj,E„|o = 



p = Q 
hi-n) p=l 



on A^. 



(*) 



Therefore on A*' we get that the stalk at is: i?Pj,E„|o — HP{A^ ,Rj,E„) = 

HP{G'^- , E„) and this isomorphism is compatible with the action of the Galois 

group. The equality (*) holds, because E„ is an extension of constant sheaves, for 
which the two cohomology groups are canonically isomorphic. 

To calculate the latter cohomology group, we can factor m into an isomorphism 

GJ^ *■ *■ ' "-^ Q>^^ followed by the projection onto the first factor, to obtain: 

H*{Gl,prlEn) - H*{G^, E„) ® H*{G'^\Q,) 

Qi * = 

Q,(_l)®fc-1©Q,(_„) 

etc. 



H* 



k 
"mi 



m*E„) 



1 



Analogously we get a formula for the stalk of E„ at a point lying on exactly r 
of the divisors: 



D,, 



H* 



117^ X A*^- 



If the terms of weight > 2n did not appear, then the truncation functors r^* used 
in the definition of j!*E„ would be trivial and Rj*E„ would "be an irreducible 
perverse sheaf" . But these terms do disappear if we pass to the inductive limit of 
all the E„ ^ E„-|_i ^ • • • . Therefore define Eqo ■— liniE„. We have the following 
proposition: 

Proposition 4.1. For n > k there is an exact triangle of complexes on A'' : 

j!*E„ Rj*Eoc> j>.^ooi-n) 
Proof: (inductively calculating r^'Rji^*) Use the shorthand ■= ji o ■ ■ ■ o ji. 



We start with the exact sequence of sheaves on G 
^ E„ ^ Eoo Eoo(-?i) 



0. 
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Applying T<^Rji,^, = ji,* we get 

ji,*E„ ji,*Eoo — > ji.i.^oc{-n) 0. 

Using the previous calculation, that ji,*Eoo = Rji,*Eoo we get an exact triangle 
of complexes on U2 

— > ji,!*E„ ^ Rji,*Eoo ji,iEoo{-n) . 

Because ji...i,!Eoo(— 't-) is an extension of ji...i,\Qe{—n — r) with r > 0, we will need 
to calculate 'Rji+i,*ji...i,\Qe via the sequence 

^ k..uQi -^Qt^ Qduj^.D, ^ 0, 

Where u is the constant sheaf on the union of the divisors. (We will often 

j=i 3 

use this shorthand: For a closed subscheme Z ^ X and a sheaf K on X we write 
K\z :=i*i*K.) 

For the last term — viewed as a sheaf on the whole of A*"' — we have a resolution 

^ Qduj^iD, ^ ®]=i'^i>\d, ^ ®i<»i<»2<feQf|D.,.., ^ > Qfbi , 0. 

Restricting this resolution to Ui = A'' — Ui<ki<---<ki<kDki...ki all terms Qeloi with 
/| > i disappear and thus on Ui^i we have a resolution 

^ k..i.\Qe -^Qi^ © -^iQ^D, ^ > ®'cii ,}Qe\D, ^ 0. 

Lemma 4.2. For any m > i > the complex jrn...i+i,\*ji...i.\Qe is quasi- isomorphic 
to 

jm...»+l.,(0 ^ ®)^iQAd, > ©/c{i,....MQdD, ^ 0). 

Proof: For ? = there is nothing to prove, so we may assume i > 0. Note that for 
/| = c we have 

[ Qi\d, P = 

[ otherwise. 

because ji+i adds a smooth boundary of codimension i + 1 — c to Dj. Therefore 
looking at the spectral sequence calculating 'R.ji+i,*ji...i,\Qe via our resolution of 
Ji...i,!Q we see that the only terms appearing in cohomological dimension < i + 1 
are as claimed. This proves the lemma for m — i + I. Inductively we may apply 
the same argument for m to see that in our spectral sequence the cohomology in 
degrees p with i + 1 < p < 2(m — i) — I + i = 2m — (i + 1) vanishes. nLomma 
We will use the last statement of the above proof again: 

Lemma 4.3. For m > i + 1 we we have 

jm,\*{jTn-l...i+l,uj^...l^Ql) = T<^"^^''''^^^'Rjm,*{jrn-l...i+l,\*ji...l,<.Qe) 



□ 



To finish the proof of Proposition ^3 we still have to calculate 
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+i,*Ji...i,\\ie 



we know 



R•^j^+l,*J^...lJEoo(-f^) 



By our calculation (Lemma 
that 

ji+i...i,i.^oc{-n) p = 
< p < i . 

of weight > 2n p = i 

Considering the long exact cohomology sequence for 

R-ji+l,* ji...l,!*En R.j'i+l...l,*Eoo ^ Rji+l,* ji. . . 1,! Eqo ( — n) 

this calculation implies that the map 

^'ji+i...i,*Eoo R'ji+i,*K..i,\^oo{-n) 

must be zero because the weights of the two sheaves are distinct. Thus we have 
proven the proposition. □propositionim 
Later we will need the following description of {j{*^oc)\Di, which is implicit in 
the above: 

Lemma 4.4. The morphism ji^^E^o — > «Di,*«l)^ji,*Eoo = iDi,*iQe\DinU2) on U2 = 
A*^ — {Ui^jDij) induces an isomorphism 



(Rj*Eoo)bi 

therefore 

0'!*E„)|di 

and more generally 

(j!*E„)|Di..., 



k\DinU2^ 



'R-jk...L*{{'Rji- 



1...2,*^£|_Din(72j|-Di...,_i, 



Proof: For the first statement consider jjj-^ : Ui = A'^ — UiDi 



■ - Ui>iA and 



U,>iA ^ U2 



(Ui^jDij). This induces an exact sequence 



0. 



jDijEoo ^ jDi,*Eoo iDi,*Qe\Di 

We therefore have to show that (R(jfc...2°Ji)*iDi,!Eoo)|Di =0. Again we first show 
that the stalk at vanishes. We know that RP{jk...2 o Ji)*J£'i,!Eoo|o = H'p{A'' — 
Ui>ii3i, jDi.iEoo), because this is true for the other two sheaves in the sequence 
above (for the middle term we proved this to calculate Rj^Eoo). 
The cartesian diagram 



shows that 



■■fe c 



(ai)i->(nai,a2,...afc) 



■■fc C 



Ek—1 
m 

(ai)H^(nai,a2,...Ofc) 

Ek—1 
m 

pri 



, jDijEoo) = H*{A^ X G^"\pr*jG™,!Eoo) 



i/*(Ai, jG„jE^) ® H*{G'^\qi) = 0, 
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because H*{A^ jjGmjEoo) — (we know that iJ*(A"'^, jg^jQ/) — and that Eqo is 
an extension of constant sheaves). 

Analogously we get that the fibre of the above complex at a point lying on Di and 
exactly c other divisors is isomorphic to _ff*(A^, jc^jEoo) ® H*{G^'^~^ ,Qi) = 0. 
So we have proven, the first part of the lemma. 

This can be used to give an analogous description of (Rj*Eoc)|d7, because Di = 
A*^^^ and so we can apply the same reasoning again. Consider the divisor D'^ C 
A'^-i = Di and jo' : Gj^i A^ x GJT^. Look at 

■-' ^ III III 

Again H*{A^ x CJjj^^, jdj.iQ^) — 0, such that inductively 

(Rj*Q£)|Di.., - R.7i...fc,*((Rji...i-i,*Q£)|Di..,_0. 

□ 

Corollary 4.5. for an arbitrary curve C, let E be a rank n local system with 
indecomposable unipotent ramification at a finite set of points S C C. Let I C 
{1, . . . , fc} and let Di p C Coh^^ be the substack defined by {(p^'^ — 0)iei (i-S- for 
C — this is the substack defined by Dj C A^) and denote by Dj ^ the substack 
defined by (p^^'P") ^ for j ^ /. Then the following holds: 

(1) For 0<\I\<k we have H*(Di^p,j,^E\-^^) = 0. 

(2) Let pr : Cohjj g — > Cohp be the projection. Then we have a canonical 
isomorphism Ilpr\ji^E = E. 

(3) Tlpri(j\^E\£)o ) ^ Ep,.(j3j p)[l^l ~ 1] /"'^ '^^y ^ '^"■'^ again the isomorphism is 
canonical. 

Proof: In the special case (C, S) — (A^, {0}) the corollary follows from Lemma 
which shows: 

(3) ji.*En\D° J = Ep ® i/*(G„,Q,)®'~^ is constant and 

(4) ju^nlo, , = RiD=^A*i!*En|Di 

The first assertion of the corollary now follows from the Kiinneth formula and 
the fact that for j : G„i A^ we have iJ*(A\Rj;Q;) = 0. This shows that 
H*{Di,m*En) — 0, and by the spectral sequence calculating the cohomology of a 
stack from the cohomology of a presentation this gives the result for H*{Dj, E„). 

The second assertion follows because by (1) the cohomology of j!*E„ restricted to 
the complement of the section T ^ T* vanishes. More precisely we get that in this 
case the canonical morphism E — > Rpriji^E given by the section CohJ Coh^^ is 
an isomorphism. 

To prove (3) we note that H*{Grm'^i) — H*{<Gm,'i^i)[\\ and compare JSJ with 
the Leray spectral sequence for 

[pt/G„,] > [pt/&J - Dl^ 

pr\p 

[pt/Grn]^pr{Dlj,). 
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Thus again the claimed isomorphism is obtained from a morphism defined by the 
canonical section s : pr{Di) — > Dj. 

The general case follows from these calculations, because the statements are 
local in the etale topology on ColqjQg. Therefore it is a problem which is local 
in the etale topology on C, thus to check that the morphisms given above are 
isomorphisms we may assume that C = Cp'^ is strictly henselian and S = {p}, i.e. 
(C,p) = (Ai''',0). In this case any irreducibly ramified sheaf on AI''* is isomorphic 

to our sheaf E„. □Corollary 

Remark: This corollary implies that for any parabolic torsion sheaf T* of degree 
one tr(Frob7-, ji^E) is the eigenvalue of the Hecke operator corresponding to T 
applied to the Whittaker function We, i.e. (-l)<=°dim(p) tr(Frobp, j*£'p) 

To end this section we will prove two more corollaries of the above calculations. 
First we give a description of j!*Efc for k < n: 

Corollary 4.6. (1) For any < k < m we have a distinguished triangle: 

(2) ji^Efc ^ r<*-'Rjfc+i...„^*ji;j*Efe 

Proof: The first part of the corollary has been proven above. We may also recover 
it by comparing the triangle from Proposition l4. II for Ek with the one for E,„. 

The second part follows from Lemma [4. 21 bv induction on fc: We have an exact 
triangle 

ife-i,!*Efe-i jfc-i,!*Efc —f jk-i...i,\Qei-k + 1) ^ 

If we apply ji^^fc to this, we get that jk]*E.k T'^''^jk,*jk-i...i.\Qe{—k+ 1) induces 
a surjective map on the (fc — l)-th cohomology sheaves, because by induction the 
(fc — l)-th cohomology of jfej*Efe_i vanishes and the cohomology of the other two 
terms are isomorphic. Now we can apply T^'^'[{.jk+i...n,* to the resulting triangle 
and by the Lemma [4.3l we get again that the induced map to the fc — 1-th cohomology 
of the right term is surjective. □ 
Finally we note that there is a - perhaps surprising - analogue of Corollarv l4.5l 
for the tensor product j!*E„ j\*E.n+k which will be needed later on: 

Corollary 4.7. Let {C,S) be a curve together with a finite set of points and let 
En,En+k be local systems of rank n and n + k on C — S , with indecomposable 
unipotent ramification at all points in S . 

Let pr : Coh^^ ~^ CohJ be the map forgetting the n—step parabolic structure of 
the torsion sheaves and denote by j : Cohg — > Cohp ^ the inclusion. 

Then 

Ilpr\{Cl^ f^Ci^^J = j*(E„ (g) E„+fc). 

Proof: To prove the corollary we have to show that Rpr!(>CE„ ® ^E„+k) 
(middle) extension of its restriction to Cohg c-s- This is a local problem on C, 
thus we may assume as before that {C,S) = (A^,{0}) and that E„ and E„+fe are 
the unipotently ramified sheaves on Gm defined at the beginning of this section. 
In this case note that 

j*(E„ ® En+k) = ®7=oj*^2(n~i) + k{-'i)- 

This is just the Jordan decomposition for a tensor product (see for example 
Exercise 11.11). 
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We use the filtration 

j!*E„_i jwEn ji.*jn-i...i.i.Qi{-n + 1) 

and prove by induction that the corollary also holds if we replace E„ by E„_i. 
By Lemma l4.2l 7i,.,7.„-i i lO^f— n + 1) is represented by the complex 

Qe -> (SQilo, > ©|/|=„-lQ£br- 

And by Corollary lO we know Iipr\{{j\^En+k) ^Q^bj) for < |/| < n. 
Therefore 

^pr\{j\*En+k <^ j\*jn-i...i,\Qe{-n + 1)) = Tlpr,{jwEn+k ® Qi{-n + 1)) 

= j*E„+fe(n-l). 
Using induction we thus get an exact triangle 

j*(E„_i ® En+k) lclpr,{CE„ (E) -Ce^+J ^ j*E„+fc(-n + 1) ^ 

proving that the middle term is a perverse sheaf, which is the middle extension of 
its restriction to CohJ . □ 

4.2. A Hecke property on Coh^^. Consider as before S C C and a rank n local 
system E on C — S* with indecomposable unipotent ramification at S. To reduce 
the number of constants we will assume that we are looking at n-step parabolic 
sheaves (it would be sufhcient to assume that rank(E) > length of structure). 

Using Definition 12 . 41 of the generalized Hecke operators the aim of this section is 
to prove: 

Proposition 4.8. is a Hecke eigensheaf on Cohg'^ ''', i.e. for non-negative 
degrees d = d! + d" we have 

jjd",d'^d _ ^ M C^^ if diid!.' constant 



otherwise. 



To prove this, we need an analogue of Laumon's description of the Whittaker 
sheaf 

d 

Let Cohg g be the stack classifying parabolic torsion sheaves on (C, S) together 
with a complete flag of subsheaves: 

GohisiT) (T; d T;_i d • • • d r;|7-- e Gohl^siT)) 
We use the diagram 

c^o,Ai,o^^ntiCohi^io 

to define the sheaf '■= Rforgetf^^^^^gi* ji^E^'^ on Coh^^. Note that the map 
forgetfi^^ is projective but not small (nor semi-small) in general. 

Proposition 4.9. For any decomposition d^d' + d" we have 

^d'\d' ^ f ®Sa/{Sa,xSa„)^E ^ ^e' if dl = {d\ ...,d') is constant 



-E 



otherwise. 
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Proof: Extend the diagram used to define the Hecke-operators as fohows: 

g^Ext 





o.s 



Using the base change theorem for the proper map Jorget^^^ , we see that 

iJ^ - Ci = RgrExt,!grflag^E ^'^^ 

The fibre product Hecke- '- x ^^^d Cohp g classifies 

(T" c r* ^ T'" , Ti* c ■ • • c r;_i c r*). 

For every such coUection of torsion sheaves we can pull back the filtration of T* 
to T", and by fixing the degrees df^ of the resulting torsion sheaves we obtain a 
stratification of the above stack 



Hecke- 



d',d" 



, Coho,s = Urf;(Hecke^''^" x^^^^^ Go\^s)-', 



-a ,f 
L- \d, 



where the substacks of Hecke^ '- x„ , d Coho c are defined as 



(Reck^'-^" x„^. Coho.) 



deg(r"n7;-) = d', 



1"^^ case: df^ = (c?^, . . . , d'^) is constant for alii. In this case we have a commutative 
diagram: 



(Hecke- - x^^j^^^ Coho^s)^^. > Coh'^ x Coh'^ 



xd" 



Cohls X Coh^^ . 



By Lemma 10.21 the map forget^^^ is smooth, the fibres being generalized affine 
spaces. These are of dimension 0, since both stacks are smooth of dimension 0, 
thus 



2^'^ case: df^ not a constant sequence for some i. 

Let Flag^-'^ be the stack, classifying torsion sheaves with a flag of subsheaves of 
degree (dfj). Then we can still factor the restriction of gr^^^ to the corresponding 
stratum into 

(Hecke^'-^" Xp^i^d Gohig)^'' Flag^^-' x Flag^^''' ^ Coh^^^ x Coh^^ 



Claim: Rforgetj^^,,gT*fi C^ 



iMd 



= 0. 



SOME HECKE EIGENSHEAVES 



35 



As in the first case the map forget-^^^. is smooth, and the fibres are generaUzed 

afRne spaces: For a fixed point (T^* , T^*') G Flag^-^^ x Flag^-''^ the fibre oijorget^^^ 
over this point consists of extensions 



7-/'*c > . . .c ^ r^'^'^c ^ ^//. 

Let grjT" :— 7^'*/7^'*j^. Then we may factor jorget-^^^^ into 

(Hecke^'-^" x^^^^^ Crfi^,s)^' Ext(gr,r"-, gr.T") Flag^^^') x Flag^^", 

where Ext(grjT"*, gr^T") is the generalized vector bundle over Flag^-*-* x Flag^-* -* 
classifying extensions of the filtration quotients. Furthermore Lemma [0.2I shows 
that grg^^ is a generalized affine space bundle, which can be factored into maps 
with fibres Ext(gr,r"', 7^'' J. 

Since grflag also factors through gr^^j, the sheaf gi'^^^C'^ is constant on the fibres 

of 

g^Ext and thus by the Kiinneth formula it is sufficient to prove that for d = 1 
and any non-trivial decomposition 

d= = (ei, . , en) + {l - ei, . , 1 - e„) 

we have C\ = Q. But here we can apply the calculation of CWdi given in 

Corollary ^31 to establish the claim. 

Now we have shown that has a filtration such that the subquotients are 

isomorphic to the sheaves £| MC^ . Furthermore we know that over the substack 
where supp{T")L)supp{T"*) consists of d distinct points, this extension splits. The 
proof of the following lemma will only use this fact to show that all these sheaves 
are perverse sheaves which are the middle extension of their restrictions to any open 
subset. Therefore the filtration splits globally. □ 

Lemma 4.10. The complex = Ilforget,gr*{{C\)^'^) is a perverse sheaf which 
is the intermediate extension of its restriction to Co\\Q(j_g: 

Ct ^ B.forget,gT*{{C\r'^ = jUi\coi.l^_^- 
In particular, it carries a natural action of the symmetric group Sd and 

Again we denoted by j : Cohp (j_g ^ Coh^g the inclusion. 
Proof of Lemma 14.101 By Laumon's results ^] we know that the restriction 
of Ce to CohQ is indeed a perverse sheaf which is the middle extension of its 
restriction to every open subset. 

Since the question is local on Coh^^ we may assume that our local system E 
is pure. Then C\. is pure (it is irreducible and perverse) and thus, by Deligne's 
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theorem ((^j, 6.2.6) £^ is also pure. Therefore we may apply the Decomposition 
Theorem (0, 5.4.6) to decompose = jwj* Ci © resf*. 

We prove the lemma by induction on d. Assume that rest*^ = for all k < d. 
(By definition of the statement is true for d = 1.) 

By the induction hypothesis and the fact that the restriction of to Coho c-s 
is perverse we furthermore know that supp(rest'') C (T*| supp(T) ~ p E S). The 
preceding proposition shows a Hecke property of and this implies in particular 
that H"^'^'^^''-rest'^ = for all i > 0. 

Choose T* G supp(rest'') such that the degree of a maximal indecomposable 
summand of T* is maximal. And write T* = C* i—p) © T", such that O' i—p) 

is a direct summand of maximal degree (this is possible by Lemma Note 
that T* ^ O'p since the latter sheaf has a unique filtration. Now define d' := 

deg(T'*) and look at the fibre F of the Hecke-correspondence Hecke^ d<^)-i ^^gj. 

the point (T", 0±p{j^p)) G Coh^ g x Coh^^- . Then T* is the only sheaf contained 

in supp(rest'')n-F, because every non-trivial extension of the two sheaves contradicts 
our maximality assumption (again by Lemma l3.1|) . 

Therefore if resf'lr* 7^ then iJg- -rest'' / 0, contradicting our assumption 
that all the £| are irreducible perverse sheaves for k < d. □ 
Proof of Proposition 14.81 This now follows from the above lemma by taking 
S'd— invariants in the Hecke property of C^. Qproposition 



5. The sheaf , corresponds to the function <i>(W^E) 

The aim of this section is to explain the relation between the function trp^, 
and Shalika's definition of $(W^e)- As in the case of unramified local systems the 
problem to compare the two functions stems from the fact that the interpretation 
of Laumon's diagram in terms of adeles does not immediately correspond to the 
definition of $. The main ingredient needed to solve this problem is to introduce 
an analogue of Drinfeld's compactification as defined in ^U). This moduli space 
is on the one hand related to the fundamental diagram and on the other hand its 
points have a simple adelic description. All this follows easily from 

However, to prove that the function trp^, is indeed a non-zero multiple of the 
function ^{We), we can not copy the proof of since this argument uses results 
on the affine Grassmannian for which we do not know analogous statements for the 
affine flag manifold. We will use an elementary approach instead. This yields an 
inductive argument to calculate the function trp^ , on a subset which is sufRciently 
big to conclude the proof of our main theorem once we have calculated this function 
for n — 1. We will then give a calculation for n < 2. 



5.1. An analogue of Drinfeld's compactification. First we rewrite the induc- 
tive definition of , as in the appendix of (21 ^md JUI ■ 
Denote by (il-Ext C £') the stack classifying 
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We may define maps 



quot : 


: (n- 


-Ext C£) - 


-4 Coh^ g 










ext : 


: {n- 


-Ext C - 


n^-,^ Extpara(^^""'"''', f^"-'-') ^ 








i=l 


forget : 


: {n- 


-Ext C - 


Homj,"j 











Then by definition of , we have 

Fg 1 = 'Rforget,{quot* Ce ® ext*'ip)[c], 
where c is the dimension of the fibres of forget. 

Remark: We have an adeUc description of the points of the stack (f2-Ext C £): 

{n-Ext c 8){¥g) c N„(fc(C))\N„(A) Xn(o) GU(A)/(GU(Oc-s) x Iw^) 

We will not need this (it is the same as in P|, Section 3) but note, that this is not 
the set which is used in the definition of the function <i>(W^E)- 
To define a moduli space whose points will be a subset of 

N„(fc(C))\GL„(A)/GL„(Oc-s x Iwg) 

we argue as in jlOj and define a moduli space classifying parabolic vector bundles 
together with a full flag of subspaces of the generic fibre of the bundle, satisfying 
some regularity condition: 

For a parabolic vector bundle £* we denote by /\'' £* its fc— th exterior power, 
which is defined as the sequence of vector bundles 

k k 

> /\£''P f\£'+^'P ... 

Analogously denote for parabolic bundles £* eg) £* the tensor product taken com- 
ponentwise, together with the natural maps. 

Definition 5.1. (Drinf eld's compactification) The stack VL-Pliicker classifies: 

£'^Buni,{T), 

n-Plucker(T) -.^ ( : Q''"''^ Q*'"^-' ^ A' £* , )■ 

\ Sn : ® . . . ® rj* ® O* A"£:' / 

s. th. the Si satisfy the Pliicker relations 

Recall that the Pliicker relations are given by the condition that over the generic 
point of C the maps Si define a full flag of subspaces of one (or equivalently all) 

If all the Si are maximal embeddings (i.e. if the st are maximal embeddings in 
every degree (j,p)), then the Si define a full flag of £* at every point of the curve, 
i.e. the Si define a full flag of subbundles of £* . 

Therefore the points of this stack have a simple description: 



38 



JOCHEN HEINLOTH 



Lemma/Definition 5.1. The stack fl-Pliicker has a stratification by locally closed 
substacks indexed by degrees of parabolic divisors di, . . . ,c?„ (i.e. the coefficients of 
points in S are allowed to lie in The strata are given by: 

£' G Bun^ A G Div^g, 

/ s, : n''"-\Di) ... n•'''-'{Dn-^) ^ A'£\ \ 
{n-Plucker)i^^_^a^){T) := I s„ : ® • • • ® 0'{Dn) ^ A"£' ) 

\ such that the Si are maximal embeddings I 
and satisfy the Pliicker relations, 
and effective for all 1 < k < n. 

/ £• G Bunf^ g, e Buni,s \ 

For fixed parabolic divisors Di, . . . , Z3„ denote by fi-FMcfceri)^ ...^u^ the correspond- 
ing substack of the above stack. 

□ 

Remark 5.2. The points of the stack VL-Plilcker can be described as a subset: 
n-PliickeriWg) c Nn{k{C))\GL'^iA)/{Gl^^{Oc^s) x Iws). 

Proof of Remark 15. 2t This is the same as Weil's description of vector bundles 
(see also 9 ). However to compare the function We with a sheaf on 17-Pliicker we 
will need a precise form of the inclusion, therefore we will recall the construction 
of the map. 

Given a point {£' ,Si,Di) G fi-Pliicker/jj^. ...£>„ we define an element of GL^(A) 
as follows: Let N :— -~{n — 1)^ be the shift in the definition of fl*'"^^. (Note that 
if all Di = then the bundle f (^''^) is equipped with a filtration with subquoticnts 
fi®"-'(-(i - 1)5).) 

Recall that in 10.21 we have chosen an identification of GL„(A) with GL^(A), i.e. 
we decided to use ®^~Qfl^ as standard bundle instead of the trivial one. 

Denote by rj the generic point of C and choose an isomorphism : ffi"Jo^fi®* 
^(n-i,s) gy^^jj thaX the image of ®'iZn-j^v^ '^^ the subspace defined by {si)i<j. 

Further, for p G C ~ S choose a trivialization /p : ©"^Q^ri' £^'^' (Si Op again 
compatible with the filtration induced by the s^. Then fp^ ° fri £ ^^ni^p) ^^^^ 
be an element of the form Np ■ diag((i„_p, . . . , di,p), where Np is a unipotent upper 
triangular matrix and the second term is a diagonal matrix such that the valuations 
of the entries are given by the p— part of the divisors Di. 

For p e S* we have to choose an isomorphism fp : ©"Jg^ri®* (g) dp ^ £(^^S) ^ 
compatible with the filtration of the stalk f (^•'^) ig) k{p). Thus we have to choose 
fp such that the induced map ©^^gfl®* ® k{p) — ^ £i^'^) ^ k{p) factors through 
ker ® k{p) -> (£(^+^■•■5) ^ 

Again define f^^ ° /r; G GLn{Kp). To describe this element, let Di ~ (di + 
^)p + D[ with p ^ supp(D9 and < fci < n, and choose a local parameter TTp at 
p. Then /-I o /,;(rj®"-i) is contained in the (5p-submodule 7r^^+i(©Ji,o^f7®J) © 
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^p^i®]Zki^^)- Analogously the image of f^^ o /^(Jl®""^-) jg contained in the sub- 
space generated by TTpH^'j^o^^) ® V^^"*' (®i=fe2+i^^)' ^^^^ ^^^^^ ^^"^^^ 
this for n = 2.) 

Note that in this way we get an element of GLn{Kp) for which we have calculated 
the value of the Whittaker function in ProDOsition ll.2l In particular the shift in the 
definition of £7''* assures that the support of the Whittaker function is the subset 
of f]-Pliicker where Di < D2 < ■ ■ ■ < D^-i- □ 

Note furthermore that we can factorize the forgetful map: 

forget : (f]-Ext C £) 17-Pliicker ^ Hom(17"-i^*, £). 

Therefore to prove that trp^^ — (^[W^) is the correct function (up to a scalar), 
it is sufficient to prove that trR/o^ggt^^^ = We (up to a scalar). Our 

first aim is to show that the left hand side of the last equation is an element of the 
space of Whittaker functions fProposition 15.31) . 

We denote by 0-Ext£ij_...^D^ the preimage forget^^^{Q.'-V\\ic]^erDi,...,D,^)- 
Note that whenever we have Q < Di < D2 < ■ ■ ■ < Dn, we can define a sheaf 
"0151,. ..,D„ on f7-Pliicker£)j^...^D,^ via 

extD,,...,D„ ■■ n-F\uckeTD,,...,D,. n^Ji^ Extpara(f^*'"''"'(A+l), f^*'"-'(A)) 

Let do : — min; p dj and denote by \^Dj\ the biggest divisor smaller than the 
parabolic divisor Dj. Then we also have a map 

div : f]-Pl{ickerr,,...D„ -> C'^'^'^ x c'^'^^-'^^) x • • • x C^d„~'^"-'\ 

sending (Di,.. .,D^) to ([i?ij, [AJ - [AJ, • • ■ , \_D,,\ - [Ai - IJ). 
The aim of this section is to prove: 

Proposition 5.3. Let Z?i,...,I?„ he (parabolic)-divisors and assume < Di. 
Then: 

(1) If Di ^ A+i for some i, then 

'Rforgetrj.^^. ^lquot* Ce ® ext*L^))\Q,-PuckerD^ d„ = 0. 

(2) IfO<Di<D2<---<Dn. then there is a sheaf We on C^'^^^ x • ■ • x 

and a constant c such that 

'Rforgetj.^^ f{quot* Ce® ext*L^))\n-PiickerD^,...,D„ = *r>i,...,_D„ (X) div* We [-2c] (-c). 

The sheaf We and the constant c depend on the parabolic degrees of the 
(Dj) and will be defined explicitly in the proof. 

Proof: We may assume that all D^'s are effective, since otherwise the fibres of 
forgetrp^^ above r2-Pliicker£)j....^D^ are empty. 

The vanishing assertion follows essentially from the following simple observation, 
which simply is the geometric reformulation of the corresponding statement proven 
in 11.21 Assume that Di ^ D2, and let D be the effective part of {Di — Z?2)- 
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Let furthermore £*_i{— f '/ri*'" ^(-Di)) be a parabolic vector bundle of arbitrary 
degree and assume that we are given a commutative diagram 



n-l 



maximal 



where the vertical maps are the canonical ones, i.e. we are given a lift s of the 
maximal embedding s. 

Claim: For any cj) : ^ 0^""^ ^ f2^^ 



n-l 



the two extensions 

n-l 



and 



are isomorphic. 

This holds because locally at supp(D) we can lift </>: 



n»,"-2(£)2)/j2»'»-2(-L») i^^^ 



f2*."-2/n«."-2(_£)) ^ 

And — choosing a splitting of s at supp(-D) this can be used to define an 
automorphism of ® ^d"~^ mapping s to s + (j). nciaim 

This tells us that for Di ^ D2 the fibres of forget j,^^. over f2-Pliicker£)j^..._£)^ 
carry an action of the additive group Hom(Q*'"~-^, f2^"~ ) and on the orbits of this 
action the sheaf ext*L^ is non-trivial whereas quot*C^ is constant. Therefore the 
cohomology of the fibres with values in ext*L^ x quot*£f vanishes. 

To state this more precisely and to apply this argument inductively we need 
some notation: 

The forgetful map: ri-ExtDi,...,D„ ri-Pliicker_Dj,...,_D^ factors through the 
stacks flDi,-,Dk Ext !,...,£.„, classifying 

Ji'C---C J-'cf* 

^ for i < fc \ 

JiUi-x for « > A; / ■ 

such that C £* is a maximal embedding 

And let forget = forget jj. o • • • o forget be the corresponding forgetful 
maps. In case k = 1, the above stack classifies maximal embeddings H* "~^{Di) ^ 
£' together with an iterated extension of C, . . . , f]*'"~2 (namely J'/ J*) contained 
in the quotient bundle £*/f2*'"~^(Di). Therefore the fibre of forgetjj^ consists of 
the different lifts of the iterated extensions to f*/^*'""^ - ^•/0*'"-i(£)i)en^""\ 
more precisely, forget is a Hom(j7^/j7]*, fi^"" )-torsor. 

In particular Hom(f2''"~2^ ^cts on the fibres of forget j^^, and by the 

above claim for any point in a fibre, the extension 

0»."-2 ^ f/f2*."-i ^ (57f2*'"-i)/0''"-2 
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docs not change if we modify it by s G Hom(f2*'"~^, il^"^^). On the other hand the 
induced extension of il*'""^ by fi*'""^ does change by the residue of s. Therefore 
for z = 1 we get that Rforgetjj^ ,{'^ ® quot*C%) = if -Di ^ Z?2. 

Assume now that < Di < D2- Note that for a point {J' C £') G f2-Exti3j^...^£)„ 
the quotient £* / is also equipped with a filtration and morphisms identifying 
the subquotients with fi^"^\ Denote by Ext(C'^^ , 
torsion sheaves with such a filtration. Then we get a diagram 



fiExtui, ...,£), 



prFib 



Vl'j^ ^) the stack classifying 



Fib 




>Ext(o^ 



pn 



r^Ui Ext/ 



pr2 



,,/ff!!!4'C'(''i) X Ext(0' 



Whig 



CoU 



o,s 



,n-2N 
D2 I 



Here Fib is the fibre product making the lower square cartesian and the occurring 
maps are the natural maps. Note that prpib is a vector bundle map and that its 
fibres are isomorphic to Hom(£*/(f2*'"'~^(£'i)), f2^"~^). In particular, the map ext 
factors through pr-pih and thus ext*L^ (S) quot*£^ descends to Fib. Moreover we 
can again define a map extoi ■ ExtD2,...__D„ — > as the composition of the 
natural maps: 



'•"-\Di)) X n^r2'Ext'(n*'"-*-\n* 



Exti32,...,D„ ^ Ext^(a''""^(z)2),n''' 

And finally since Di < D2 we get an exact sequence 

Hom(n''"-2(£)2),f2^""^) Hom(f2''"-^ fi^;*-^) ^ Ext^(0^^-^ O^;""^) ^ 0, 

and therefore the residue map Res : Hom(0*'"-2,f2^""^) ^ factors through 
Ext(np"~^, 0^""^). Thus Res* defines a sheaf on the latter space, which we 
can pull back to a sheaf 'I'i2 on Ext(C'^ , ■ ■ ■ , ^b""^)- 
By the additivity of \E' on we get 

ext*L^ = forget*jj^ext*j-)^\-^ ® qext*^\2- 

Thus we can calculate our sheaf 'R.forgetjj^ \ {ext*\-^ (g) quot*C^ as follows: 

TLforgetjj^ i{ext*L-^ (g) quot*jC^) 

= 'R.forgetjj^ \{forget*jj^ext*jj^\-^ (8) qext*^\2 ^ quot*C^) 

^ ext*jj^L^ O geK_i(Rgro,,!(£i O *i2))[-2ci](-ci), 

where Ci = dim(Hom(£:V(0''"-i(Di)), f]^""^). 

We can inductively apply the same considerations to the maps forget jj. to get: 

(1) 'Rforgetq^gj.gig„ f {ext*L^ (g) quot* C^) = unless < Z?i • • • < £>„. 

(2) If we have < Di < • • • < Z?„, then we may define a sheaf ^tot on the 
stack Ext(C'^^ , , • ■ • , as the tensor product of the pull-backs 
of the sheaves on Ext(0^"^7"\ O^""'). 
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(3) Denote by gr the natural map 

gr : Ext(01,„ , l^^^-i) C^"^^ x • ■ • x C^''"-'^"-) 

and define We := RgnXCl ® *Tor)- Then 

Iiforgetrp^^ ,{ext*L^ ® quot* Ci) = ^'di,...,d„ ® dii;*WE[-2c](-c), 
where c = X^ILi^ ~ dimHoin(£*/j7j*, f2^"^*). 

n Proposition 

To compare the trace function of Rforgetrp^^ , ext* quot* and We we there- 
fore only need to calculate the trace function of We . By construction it is sufficient 
to do this in the case that all Di 's are supported at a single point p since the trace 
of We will be a product of these. We may also assume that p £ 5, because for 
p ^ S we can use the calculations for unramified local systems ^I.O (note however 
that a calculation similar to the one we do below fLemma l5.4|l could be applied for 
p ^ S as well). 

5.2. Calculation in the case rank = 2. 

Lemma 5.4. Consider sheaves with 2— step parabolic structure at S = {p} £ C . 
Denote by Xe := tr(Fro6p, j*E). Then for any ci G N and k G with < k < d—k 
we have 



y TriFrobe^'^fTor^Ci)^ . ^ 



q^^Xi forkeN 

Remark: The Hecke property of fLemma l4.8|l implies that 

^ ^ f q'^Xi for fc e N 

y tT{Frobe,Ci) = <^ 

e.E.tMot.,,n,) I forfcei+N. 

(Note that the set Ext^ used above differs from the stack Ext by some automor- 
phisms, whereby we obtain the factor q^ in the above formula.) Note further 
that we have Exti(0*^_^)p, rij-p) ^ ^^^\(^'d-k)p'^'k~i)p) ^ ■ ■ • ^ 0, where the 
inclusions are given by push outs. Therefore for any e which lies in the subset 
Ext\Ol^_^)p, f^^fc_i)p) - Ext\0'^a_f^^p, ^'k-i-i)p) the corresponding parabolic tor- 
sion sheaf T* is isomorphic to 

for < / < fc and fc e i + N 
for < / < fc and fc G N>o 
if e = 0. 

It might be helpful to write this out in the simplest cases: If d = l,fc = ^ then 
ri*^ = (^ rip ^ Q and O*^ = (^ ^ Op -^), thus the extensions are of the 

form (— > Hp — ^ Op -^), and 4>i is nonzero if the extension is non trivial. Similarly 
for d = 2, fc = 1 the nontrivial extension is of the form {fl2p flp (B Op — *■). 

As in the unramified situation tr(Frobc)«^, £^) = Ae = tr(Frobn«^, £e)- There- 
fore the above gives a recursion relation for tr(Frobc)«_^®oj , -C^) =: L^{k). (Note 





-l)p € 












-k)p ^ 


^Kp 
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that L^{k) = L^{d — k), since the two torsion sheaves differ only by a shift.) 



(5) Liik) 



fe-i 

q''yl-{q-l)J2<l'L'l{k-^^i) forfceN 

2 = 

-(g-i) E%*^E(fc-^-i) forfcei + N 

i=0 



Note further that this recursion relation does not depend on the rank of E. 
Proof of Lemma 15.41 By induction on k (for k = there is nothing to show): 
Note that in our formula most of the summands cancel out since X^^sAi "^i^) = 0- 

J2 ^{e)L^{e)^Li{k)~Li{k^\) 

eGExti(d-fe,fc) 







= < 



q^Xi - qLiik -\)-{q-l) J2 <l'Lt{k - 5 - ^) for fc G N 

i=l 

-qL^ik - i) - (g - 1) J2 <fLi{k for fc e i + N 

i=l 

qk\l - q^+l (L^(fc - 1 - z) - L^(fc - 1 - i)) 
i=0 

k-2 \ 

- J2 q'^^{Li{k - 1 - i) - L^(fc - I - i)) - q'^L^iO)) for fc £ N 

i=0 J 

- J2 q'+^L^{k - 5 - «) + E q'^^Liik - | - i) for fc G i + N 

- -E%*^^(9^'''"^^"^^i) for fc eN 

induct. J i=0 i=0 

g»+l(-^2(fe-»)-l;S^rf) _ qz+l(^_g2{k~z-l)xd^ for fc e i + N 

i=0 i=0 

j q^^Xl for fc G N 

\ -q'^'^X^ for fc e i + N 

nLemma 

Corollary 5.5. Let E be a local system on C — S with indecomposable unipotent 
ramification at S and denote by Ae := Y[peS^^(^^^^P^ ^*^)- 

(1) If E is of rank 2, then for any point x G Q-Plucker we have 

tr(Froba;, R/orgei^or !(ea;i*L^ (g) quot* C^)) — Ae ■ ^z'"^' ■ We{x). 
In particular for any point x G Hom™"' we have 

tr(Frob3r, ,) - Ae • gl^l • <^{We)(x). 

(2) // E is of rank 3, then for any point x G Q~Plucker with Di — we have 

tT{Froha:,'Rforgetrp^^ ,{ext*L^ (gj quot* C^)) ^ X^q^^^^W^ix) . 

In particular, for any point x G Horn™-' corresponding to a maximal embed- 
ding ^ £* we have 

tr{Froh,, F|.,) = Ae • g^'^' • ^{We){x). 
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Proof: Comparing the above lemma with the calculation of We we get the first 
assertion. Note that since the power of Ae appearing on either side of the equation 
depends only on the degree, we just have to compare these for the trivial bundle. 
Similarily the power of q only depends on the difference Di — D2 ■ 
For the second assertion note that for a maximal embedding, the quotient sheaf 
£* may be viewed as a bundle with (n — l)-step parabolic structure since 
the n— th morphism in the parabolic structure is an isomorphism. Thus for rank 3 
bundles we may apply the calculation given above. Qcoroiiary 

6. Constructing Ae under the assumption = , 

In this section we give a proof of the main Theorem 12.51 under the additional 
assumption that F^ = F^ , . Here the proofs are almost identical to the ones in the 



case of unramified local systems: First we show that the Hecke property for 
implies that Fe.i is a Hecke eigensheaf as well. The second step is to deduce from 
LafForgue's theorem and the calculation of the previous section, that the function 
tp", descends to a function on Bun'^ g. Therefore we can argue as in TO" that the 
sheaf Fe also descends to the space of parabolic vector bundles. The resulting sheaf 
Ae inherits the Hecke property from Fe.i, and we show that this property implies 
the one stated in the theorem. 



6.1. The Hecke operators on the "fundamental diagram". We want to check 
that Laumon's arguments in 17 carry over to our situation. We define operators 
analogous to the operators on the spaces occurring in the fundamental diagram 
©. We start with Homjf-': 



Horn™-" 




,11 X quot 




^iHo„."-^''(Homr) - i?^Homr X Coh-;_5) 

K i-> R(7rs„iaii X gMot)!i*7rbigK 

Analogously we define an operator 

Hiuon. ■■ D\Yiom{n'^'^-\F')) ^ D\Yiom{n'^^-\:F'n x Coh-^^^). 
We have the same on Ext^ (and Ext^'^°°"^): 




Exti 



fe-i 



all X quot 




Exfi X CoKg 



D\F.^tl X Coh^ 5) 
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6.2. The Hecke property of F| ,. We want to show that these Hecke operators 
commute with the functors used to construct |. Let i^.s '■— deg{T^'^) for any 
T* G Coh^ g. And denote by pf^^^d : Ext J — > Coh^^ the projection. 

Proposition 6.1. For any d^i as above and any complex K we have: 



Id 



)*i^^'^-^K[-2io.s](-io,s) 



CohT; 



(1) ^o'.E.t^^'-cohi/ - Kohr/ " 

-^fe,Exti.''™''-?Ext^^ = •?Ext-f^fc,Exti^- 
(3) ^fc,HomiHom,!K = jHomJ-fffc Hom»J ' 
^ ' fc,Hom'"J fc— l,Ext^ 

(5) ■H'fe.Exti °-^ourK = J'ouroi?^ jj^^^.„^K[-ife(„_i),s](-«fe(„-i),s) 
Proof: 

(1) Write down the definition of the correspondences: 



11 X quot 




Ext J X Coh^ g 



Coh^_5 



Coho_/ X Coh5^5 



The left- and right-hand squares are cartesian and p is a vector bundle 
projection, therefore we get our claim: 

■^0,Exti^"^Cohf ^ R(7rs,naU X gitoi) I Rpi (TTbig O P^Coho.s )* K 

= R(7rsinan X quot) fTipi {forget o pr^ig^^^ o p)*K 

= R(7rsmaii X quot)\[forget o pr^j ht)*K[-io,s](~«o,s) as p is a bundle 



(pr, 



CohT^ 



Id)* {'Rgr\ forget* K) [-io,s] (-io,s) 



by base-change 



(2) This holds, because extensions of good sheaves by torsion sheaves are good. 

(3) By definition. 

(4) This is again true by definition, because there is a canonical isomorphism 

{Ext\:F:_,,n'-''-'),T':^,) - {n"^-' ^ ^- c :f'). 

And thus we get an isomorphism of the diagrams defining the two Hecke 
functors. 

(5) Again Laumon's proof can be copied word by word, the only thing used is 
the compatibility of the Fourier transform with bundle maps: jFour(t*K) = 
'Rp\TomK[ik(n~iys]{'ik{n-i),s) (see [Hj Thm 1.2.2.1 and 1.2.2.4). Dproposition 

Corollary 6.2. The sheaf f'^, is a Hecke eigensheaf on Hom™-', i.e.: 



ttL nk _ 

fc.Hom"" E! 



F|, ^ Cl^[—ki]{—ki) if i is constant 
otherwise. 
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Proof: By the above Proposition 16. II this follows from the Hecke property of £^ 

(Proposition IUHll- □Corollary 

6.3. Comparison of the Hecke operators and the generalized Hecke op- 
erators. In the same way as in ^U], Proposition 8.4 we want to show that for 
some sheaves on Bun„^5 the eigensheaf property with respect to implies the 
eigensheaf property for H^. To do this we need to note some general properties of 
the maps TTsmaii and TTbig used in the definition of the operators H^. 

Fix a degree d = {d^^'^^) of parabolic sheaves, and let i some positive degree. We 
have defined a diagram 



Hecke^'- 




11 X quot 




Denote further Coh|'|- := (JF* g Coh^^ | length(torsion(jr*) < i). Then we have: 

Remark 6.3. (1) The map nhig is representable and projective. 

(2) The restriction of -k big to the pre-image o/Coh^'|- is smooth. 

(3) The map i^smaii x luot is a generalized vector bundle, in particular it is 
smooth. 

(4) The map T^smaii is smooth. 

(5) 1., 4- '^i^d the second part of 3. are true for the analogous maps defined by 
replacing Coh^ ^ and Coh^ ^ by Bun^ g and Bun^ ^ respectively. 

Proof: 

(1) The fibres of TTbig are closed subschemes in the scheme TT Quot rank ^ (j^U,p) \ 

dog d(3.P) 

which is projective (see 

(2) As in we want to show that for every fibre the tangent space at a point 
{£* ^ T* -» T* := !F' /£') is isomorphic to Hompara(^', ^*)- In Lemma 
13. 51 we have shown that this space is of constant dimension. And therefore, 
since TTbig is representable and projective, it must be smooth. 

To see that the tangent space at a point of the fibre over JF* is indeed 
Hom(fQ , 7^3*), note that a point in the tangent space is a deformation to 

£' J^o* ®fc ^H/e^ ^ T* 



£* > J-* > T* 

But in this case = x fc[e]/e^ £q® fc[e]/e^. And therefore the 

choices of i) are given by Hom(£Q, 7^'), as claimed. 
(3) Furthermore the map TTsmaii x quot is the projection from the generalized 
vector bundle 

V(Rpri2,,Hom(pr;3r„V„,pr*3Jc-'„„)) -> Gohf^l x Coh^ ^, 
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where prji are the projections from Coh| g x Coh^ ^ xC on the j and Z-th 
factors, and 7"' - , and J-*„:„ are the universal bundles on Cohl; o xC and 
Coh|^- X C respectively. 

(4) By 3. we only need to note that Coh^ ^ is a smooth stack (Lemma I3.7|) . 

(5) Since Bun|- g C Coh^ ^ is open the maps are still smooth. The restriction 
of TTbig is still projective because subsheaves of vector bundles on curves are 
automatically vector bundles. 

I— 1 Remark 

Recall that Cohpg := Cohp^ /(central Gm-automorphisms). And the diagram 
defining the Hecke operators H- can be written as 

Ext^(r',r') 

small X qUOt 




Bun^ _5 Goh'^ g Bun^ s xCoh^ ^ 

Proposition 6.4. Assume that Ae is a Hecke eigensheaf for E on Coh^^, such 
that D^E is a Hecke eigensheaf for DE =: E^. Then ^Elg^j^d is an eigensheaf for 

iJi I.e. 

i?,T^E|Bu„„.s = ^e|bu„„,s KZE[-n+ l](-n+ 1) 
Proof: Look at the Hecke correspondence restricted to Bun^^: 




Ext^T'.f) 

small XgUOt 



Coh^J- Bun^ i X Coh\g 

We know by Lemma l6 . 31 that TTbig is smooth over Coh^'^-, therefore: 
Ae K E[-?i + l](-n +1) = Di/iD^Elc h^<^ 



dof._of H 
TTbig smooth 



DR(7rs„iall X qU0t)\TTl-^^AE 

DR(7rsman X 5Mof) !7ri,igDAE[-2n](-n) 
= DR(7rsmaU X quot)^J])nl-^^AE[-2n]{-n) 

= R.(7rsman X gMO<),7rbigAE[-2n](-n). 

In other words, for A^ we can replace R(7rsnian x quot)\ by R(7rs,naU x quot)^ in the 
definition of the Hecke operators. 

Let e be some degree with entries e'^*'^') S {0, 1}, such that not all entries are 
equal to and not all entries are equal to 1. 

Then we know that H-Ae — 0, and this helps to prove: 

Lemma 6.5. Under the assumptions of \6.4\ the restriction of the sheaf Ae to the 
stack Coh^'l" — Bun^ ^ is zero. 



48 



JOCHEN HEINLOTH 



Proof: Since Trj^jg^E is Gm-equivariant, we can apply Lemma lO.^l to the generalized 
vector bundle Ext^{T',£') Bun^~^ x Coli| ^ and get that s^^'big^E = R-(7rsmanX 

Now we can apply Lemma 8.5. of [TUI to get that 

R(7rsman X gwoZ)!7rbigAE = Ae ^cl[-n+ l]{-n+ 1). 

By the above lemma this establishes the proposition, because the stalk of Ae is 
zero at sheaves with < deg(torsion(jF*)) < 1. Dproposition 

Corollary 6.6. Assume that Ae is a Hecke eigensheaf for E on Coh^^, such that 
HAe is a Hecke eigensheaf for DE := E^. Then the corresponding function on 
Bun^ S eigenfunction for the Iwahori-Hecke algebra. 

Proof: We just have proven the Hecke-property of the restriction of Ae to Bun„^5. 

Therefore we only need to compare the result with the computation of >C| on Cohp g 
fLemma |4.5|) and note that the Iwahori-Hecke-algebra at S is generated by elements 
corresponding to the points of Cohp □ 

6.4. Descent of the sheaf F^. 

Proposition 6.7. Assume that we know that = F^,, then Lafforgue's theorem 

implies that F^ descends to a Hecke eigensheaf on Bun^"^'', and this sheaf can be 
extended to a non zero Hecke eigensheaf IKe on Bun„ 5. 

Proof: By definition F^ is an irreducible perverse sheaf and by our assumption 
Fg = Fg I is a Hecke eigensheaf (by Corollarv lt).6|) . 

We first want to explain why the function $(We) does not depend on the section 
j-^»,n-i ^ ^Yie one hand by Lafforgue's theorem ^Sj there is a (cuspidal) 

Hecke eigenfunction on Bun„_5(Fq) with eigenvalues given by tr£^ lO. On the 
other hand by Shalika's result ('23' Theorem 5.9) every Hecke eigenfunction on 
Hom™^(Fg) is in the image of $ and there is a unique such function in the Whit- 
taker space. Therefore the function /e = <i>(M^E) is the pull back of a function on 
Bun„,s(F,). 

Assume for the moment that n < 3. In this case we know that restricted to the 
maximal embeddings Hom™°^ C HomJ^-' the function trp^^, = ^(We)- In particular, 
this function is not identically zero on Hom™*^"^ and descends to Bun„,s(Fq). 

Thus we can apply a variant of the argument given in Since Fg is an 

irreducible perverse sheaf, there is a constructible subset V C Hom'"°^(ri*^"~^, 8') 
such that Fg|y is an irreducible local system and F^ — jy^\^{f^\y). 

Assume that E is pure (this is allowed by Lafforgue's theorem). Then F^ is pure 
as well. Therefore the restriction of Fg to V is constant on the fibres over Buun^s, 
because the trace of Fp is constant on the fibres (for any extension Fq^ of the base 
field). 

The fibres of V are open subsets of projective spaces, therefore the two pull 
backs of Fe to Hom""*^ XBun„_d Hom"*"'^ are irreducible and isomorphic, because the 
corresponding trace functions are the same. Since the two systems are irreducible, 
there is only one isomorphism of these sheaves which induces the identity on the 
points of the diagonal V C V XBim„ V. Hence Fg|y descends to a perverse sheaf 
Ae,v on prBun„,s(^)- 
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Further, since = jV,!*(F£|y), we also know that = p?'Bun„ sJpr(y),!*^E,y, 
i.e. Fg descends to a sheaf A|°°'^ on Bun|°g'^. 

Note that in particular we have shown that trp^ , = ^(VFe) on the whole of 
Hom'"^. Therefore we may apply to see that the trace function of the sheaf 
R/orgefjng,. \{quot* [C^') ® ext*L^) on 0-Pliicker is equal to We- This allows us to 
drop the temporary assumption that 7i < 3, because we can apply the argument of 
Lemma l5^ to show that the trace of F^ is equal to $(We) on the space of maximal 
embeddings for n < 4, and this gives an inductive argument for all n. 

To finish the proof of the theorem we only need to extend the resulting sheaf 
A|°°'* to the whole of Bun„_5. Again this works as in ^OKSection 7.8): For q £ 
C — S (we might allow q G S) the maps (E)0{—rq) : Bun^^'''*°°'^ Bun'^ g are a 
covering of Bun„,s- We define Ae := lim^(oO(-rq))* Af™"^ ® (dei(E)|, )-»'-. The 
Hecke property of A|°°'^ (together with the S'2-equivariance of the isomorphism 
o i/iA|°°"^ ^ A|°°'^ Kl E Kl E) gives that this is a well-defined Hecke eigensheaf 
on Bunfj. 

□ 

7. The analogue of the vanishing theorem for n < 3 

The aim of the last two sections of this article is to prove that our assumption 
F| = F| I holds for fc < 3 (Proposition 18. 2|) . To do so we need an analogue of the 
vanishing theorem in jlO| which is given below f Proposition 17. l|) : 

For any i 6 Z>o consider the total Hecke- or averaging functor H^\^^ defined as 
follows (i := («,..., i))- 



{E" C £' I £" e Bun^7| , £' e Bun^ 5) 




We set 

Hs.lot--D\Bu4-i) ^ i?''(Bun^^) 

K ^ ^^E^otK :=R^big,!«„iaiiK®gMorrE)- 

Remark: This definition is used for any d — {di^p)o<i<n,peSj therefore it includes 
the case of bundles with not necessarily full parabolic structure. In particular for 
d — (d) o<i<n the stack Bun^ ^ = Bun^ is the stack of vector bundles without extra 
structure. 

Proposition 7.1. Let E be a pure irreducible rank n local system with indecom- 
posable unipotent ramification at S. Then for any k < min(3,n) and any (mixed) 
complex K S £'''(Bunfc_s) we have 

HE,lot^ = for all i > (2.9 - 2)nk + \S\ 

Proof: (almost the same as in [TOj) We use that, by induction we already know 
the proposition for all k' < k. 

Reductions: Without loss of generality, we may assume that K is a pure complex, 
because any mixed complex has a filtration with pure filtration quotients. 
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K = 



For a pure complex K the complex \^^K is pure as well, because 
R-7rbig,!(7r*„j^j;K ® quot*D^) and t: small is smooth (Lemma (Ojl, therefore 7r*,„(j;; 
preserves purity (smooth morphisms are locally acyclic, i.e. i^l^aii — ''^\maii['A{d)) ■ 
The same is true for quot* and finally TTbig is proper fLemma lfi-^fl . therefore Deligne's 
theorem (|H], 6.2.6) implies that R7rbig,» = RTTbigj also preserves purity. 

Furthermore, a pure complex H^^^^K is zero if and only if the associated function 
trff-> K oil F„i-points is zero for all I. Hence it is enough to prove that h := tr„-i 
is the zero-function. 

Finally, to show that a function h on Bun„.5(Fq) is zero it is sufficient to show 
that (1) h is cuspidal and (2) < h, f >= for all cuspidal functions /. In the proof 
of these statements we will reduce back to a statement for sheaves. 

J'** step: H^^^^^K is a cuspidal complex, therefore tr^-i ^ is a cuspidal function, 

i.e. for all fci + ^2 = fc and all di + d2 = d let C^'f^ be the functor defined as 
follows 



forget 



Bun' 




k,S 



Bunf; c X BunJ „ 



K 



^'(Bunf^^^xBunJ^^) 



K := Rgri/orgef*K. 



ki ,k2 



Definition 7.1. A complex K G D^{Iiunk^s) called cuspidal if for all di,c?2 o^nd 
any nan trivial partition ki + k2 = k we have C^'^K = 0. 



Proposition 7.2. Let E be a irreducible local system of arbitrary rank n on C ^ S 
with indecomposable unipotent ramification at S. Then for all di,d2 and any non 
trivial partition ki + k2 — k the complex C^^^'~jf^ o H^^^^K has a filtration with 
subquotients isomorphic to [H^H^f. x -ff^f^j) o C^tl fl^ ^'^^ some ii + i2 ~ i- 

Note that by induction on k we can assume that the vanishing theorem l7.1l holds 
for all ki < k. Therefore we know that the filtration subquotients are all zero, 
because ki,k2 < k and either ii or i2 is sufficiently big. Therefore the proposition 
proves that ff^J^jK is cuspidal if i > {2g — 2)nk + \S\. 
Proof: (of Proposition We define a diagram 



Bun^^5 f- 



forget 



^k 



{£'k 



, forget' {{£'' C £',£'^ ^ £' ~^ £'2)) 



= :Middlo 



Bun|-_5 X BunJ g 
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to compute 

baso-changc ^^^^ ^ (/or^ef'V^^^uK ® forget'* quot* C^) . 

V ' 

Ki 

The stack Middle is stratified by substacks indexed hy < < d, given by the 
condition de5(f 'W^P) n E^'f ) = di''"^ - 4^'^^ 

Middle,^ :=( sX^k^i 

\ 4- 4- 4- 

Now gro7r(jjg restricted to Middle^j is the map forgetting everything but £*_^ and 
£*^. We factor this as follows: 

First consider the map forget forgetting This is an affine fibration, the 

fibres being homogeneous spaces for Extp^r(j(7^*, ) (because of the exact square 
of Ext^ groups wc get from the extensions of the T' by the £,'*). 

Furthermore, both the map TTsmaW ° forget' and quot o forget' factor through 
forget^,, i.e. Ki\Middiei-^ — forget'^. K2 and therefore R/orgeif«jKi — K2[2c](c) for 
some c. 

Now we can compose the map forget with the forgetful map forgetq-,. This is 
just the pull back of the corresponding map in the Hecke correspondence of torsion 
sheaves, and still Trsmaii ° forget' factors through this map. Therefore by the Hecke 
property of Ce we get that Rforgetq-, 1K2 is zero if ii is not constant. 

But if ii = {ii) is constant, we get that 

R{gr o 7r;,J,(K|Middie^) = i^E^ot x H^.tlT^'^ o (K). 
Thus the stratification of the stack Middle induces a filtration as claimed. 

step: For every cuspidal function f we have < t^~i / >= 0. 
Define j^^K :— R7rsman,!(7r2jgK(8)guot*£E), and denote the analogous operator 
for functions on Bun^ ^ by the same symbol. Then for any cuspidal function / 

We want to show that ^^^f = for all cuspidal functions /. Using the 
Langlands correspondence for fc < rt, we know that the space of cuspidal functions 
on Buufe^s is spanned by cuspidal Hecke eigenfunctions /e' corresponding to local 
systems E' of dimension k with at most unipotent ramification at S and their 
images under the action of the Iwahori-Hecke algebra (note that for unramified 
local systems E' on C these functions do not have an eigenfunction property for 
the Iwahori-Hecke algebra). Furthermore, since k < n, we know already that these 
/e' are the traces of irreducible perverse sheaves Ae' on BuHk^s' for some S' C S. 
For this argument we need that n < 3 , because for k > 3 we have not given a 
construction for representations with reducible unipotent monodromy. 

To prove the 2"^^ step it is therefore sufficient to show: 



4' = ^'1 n S'k and deg{£''J = . 
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(1) For all irreducible local systems on C — S" with indecomposable unipotent 
ramification at 5" C we have 

where prsun^, : Bun^^s Bmik^s' is the map forgetting the parabolic 
structure at S — S' . 

(2) Any element of the Iwahori-Hecke algebra commutes with the operator 

Tji 

We need another Hecke-operator q. As before set i := (i). 



{£" C £' I £" e Bunij , £' e Bunf g) 




Here supp{£" C £') := supp{£'/£"). We set 

K ^ He cK := R(7rs,naii x suppy.{nligK ® quot*C^). 

Note that in the above we may assume that we are concerned with fc— step parabolic 
structures since the image of quot is contained in the image of (fc— step parabolic 
sheaves) C (n— step parabolic sheaves). Thus to prove the first claim we have to 
show: 

Proposition 7.3. Let E' a local system of rank k < n, possibly with unipotent 
ramification at S' C S, and let A^' be a Hecke eigensheaf for E' on Bun^.s' ■ Then 

HltotPr*Bun,^,,AE' = /or z > kn(2g - 2) + |^|. 

More precisely, 

HlcPr*Bun,,,AE' = {ME E'))('' Hpr^„„^^,AE' for all i. 

Proof: The first statement follows from the second, as in the proof of Deligne's 
Lemma in 0: 

iJ'^(C, j*(E ® E')) — 0, because E is irreducible and not isomorphic to any sub- 
quotient of E'. By Poincare duality therefore 7?^(C, j*(E ® E')) = and thus 
dim(ffi(C, j,(E ® E'))) = -xO*(E (g) E')) = kn{2g - 2) + l^] by the formula for the 
Euler characteristic of Grothendieck-Ogg-Shafarevich (j^ Exp. X, 7.1). 

Furthermore we can apply the symmetric Kiinneth formula Exp. XVII, 
5.5.21) and — because h^ = h"^ = — we get that 

H*{C, (j,(E ® E')f>) = A'H\C,j4E ® E')) = for i > kn{2g - 2) + IS*]. 

We are left with proving the second statement. 
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Reduction to the 



that i — 1: Consider the resolution 



£" C £* 

X quot 




11 X quot 




Bun 



Bunf X Coh^ g 4 Bun^ ^ xC^'^. 



Bunf g X C* 



d—i 



k,S 



Note that (i/E,c)°'K = Rtt x gSpp,((flag' o 7rbig)*K ® guoi*gr*(/:^)^*). Further, by 
Lemma QUI the sheaf Rflag|( g^i^i gr*(£^)^*) carries an 5'i-action and 

{Rfi'Ag!,{q^t*gr*{Cl)^')y'^^ = quot* C^. 

Therefore the projection formula implies that the complex 

Rflag;((7rbig o flagO^E ® ^t*gr*{Clf') = (i/^,c)"^E 

carries an Si action as well and that {{H^ p)°Me)'^* = c^e- 
We are reduced to prove that HI (jAe' = j*(E (g) E') H Ae'. 

Lemma 7.4. FFif/i i/ie notation of Proposition [TTS] we /laue 



fc.S' 



Proof: In the proof we will denote sheaves with parabolic structure at S by , 
and sheaves with parabolic structure at S" will be denoted £*^' to distinguish the 
two sets of data. We have 



II xprc 



Bun 



k,S 




Bun 



k,S' 



Bunf 5~ X C 



Bunf-i xC. 



This induces a map 



P^'Fib 



(Bunf7/xC) =:Fib. 



Denote by pri,pr2 the projections from this fibre product to its factors, and 
let quot, quot' be the quotient maps from the Hecke correspondence to Coh^^ and 

Coh^g, respectively. 

We can apply the projection formula to rewrite 

HlciP'^L,^^ ^E') = R.pr2,\{(RprF^b^quot*CE) ® (7^^ o pn)* Ae')- 
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The calculation of TlprFibAquot* Ce can be reduced to a calculation for torsion 
sheaves as follows. We have a map: 



Fib Coh^^s 



g(i,p) /£/(»,p) if p e 5 or i = 
£:(o,p)(p)/£:'(»,p) if p G S* - S" and i ^ 0, 



where e*'^ — I /!' ' ' ' ' i^ o^ ^ ^ c c" • '^'^^^ gives rise to the cartesian 



diagram 



{£" c £•) ^ HT" c r-)| ) iii::. coh^. 



prpib 



forget^i. 



q ^ . e forgets-s' ^ , i 

Fib > Cohj;^ > Coh^ g, , 

where ^(fs C S"') = (f^ C g(prFib(f"^,f •^))). By the base change 
formula it will be sufficient to calculate: 

Lemma 7.5. {Rforget^, ,pr^,Cl)\im{q) = {forget*s_s, C\)\im{q) , where by abuse of 
notation we denoted by C\ the middle extensions of E on C ~ S to Coh^^ and 
Coh^ . 

Proof: First note that the image of the map q is the open substack of Cohp^^ 
defined by the condition that the maps </)*'^ are surjective for 1 < i < n and 
p e S ^ S' . This follows because the image of q is contained in this substack and 
the structure of torsion sheaves of degree e„ (Lemma \i.'2\ shows that q exhausts 
this substack. 

Further, note that the map prq-,, is smooth, since it can be factored into a 

e ~1 1 

generalized vector bundle over Cohp"^ ~ x Cohg g and the projection onto the second 
factor. The map forget^-, is projective because the fibres are closed in a product of 
projective spaces and therefore Hforgetq-,, ^ = Rforgetq-,, , . 

Denote by T,^'^ := | ^eL, le^ ^ °' ^' ■ ^ 

some projection, and denote by js-S' ■ Goh- ^, Coh^ the morphism 

Combining the two remarks above we get a canonical morphism 

F : js-s',*Ci ^ Rforget,T"pr*r,.Ci - Rforget,T"pr*r,./:l 

and js-S',*^E — quot' *C\. We have to prove that F is an isomorphism over the 
image of q. First note that forget^-,, is an isomorphism over the open substack 
where supp{T'-'^'P'>) G C — {S — S'), so the above sheaves are isomorphic on this 
substack. 

We are left to check that F is an isomorphism on the fibres over points T* with 
■j-o.p _ g^^^ p £ S — S' . Since this problem is local on Coh^"^ we may assume 
that (C, S, S") = (A\ {0}, 0) and E = E„ (see Section Oil. 

We know that kp = T'^'^'P^ C T^'^'P\ and we may factorize forget^,., into 
the maps forgetting the choice of the subspaces T''^'^^^ for i > k. Consider for 
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example the map forgettmg the choice of T'^''^^'^*). Its fibre is either a sin- 
gle point, if 0"^i'P(7"'*^"^^'^')) 7^ 0, or it is isomorphic to the projective space 
P(77°(C, T*^"^^'^^)), and the kernel of (/)*^"'^'' defines a linear subspace of codimen- 
sion 1. Thus we can apply the calculation of £^ fLemma 14.411 to conclude that 
the cohomology of this fibre is isomorphic to the fibre of C\ at T" for any choice 
of T" not contained in this subspace. By induction we therefore get the claimed 

isomorphism. □LemmaO 

Continuing the proof of Lemma l7.4l we can factor pr2 as 

t' lb — > Buuj 5~ X Cohg g, — > Bun2 5" x C 
and apply the projection formula again: 

HtciP^*Bun^ Ae') = R{id X prc)\iquot'* Ce ® 'R.pr2,\AE') 

base-change 

proj .fmla 
Corollary ITTl 



R{id X prc)\{quot'* Ce ® {^E' ^ ^e')) 
Ae' K {Rprc,\CE® Ce') 
ApK(j;(E®E')). 



^Lcmma l7.4l and Proposition 17.^ 

To finish the proof of the vanishing theorem l7.1l we have to show that the operator 
fot commutes with all other Hecke operators at the level of functions. We may 
apply the reduction of Proposition 17.31 to reduce ourselves to prove this for the 
operator H\ ^ . 

Fix a parabolic torsion sheaf T' and define the Hecke operator Hy* as the sum 
over all Hecke operators corresponding to torsion sheaves contained in the closure 
of TV 

Let (T*) C Cohg'^g*-^ be the closure of the substack classifying parabolic torsion 
sheaves which are locally isomorphic to T' . And define the stack 

Hecke^. ~ {£'• c £'\£'/£" e c Coh;j|<^*^), 

which as before provides a Hecke operator 

: ^^''(Bunl^) ^ D^BnntJ^^^^'^). 

By induction on the codimension of (T*) C Cohg^J^^ it is sufficient to prove 
that iJg (J commutes with for all T* . 

Lemma 7.6. For any K G I?''(Bun^ g) we have 
m i?^(Bunf7/-''^^(^*) xC). 

Proof: We may assume that supp{T*) = p for a single point p € S, since every 
torsion sheaf is the direct sum of sheaves supported at a single point and for p ^ S 
the lemma is easy. 

The claim follows easily from the corresponding lemma for parabolic torsion 
sheaves (the reduction using the projection formula once again works as in the 
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previous lemma, we skip it): Denote 

Flagi r- ( (0 ^ T" Q' ^ T'" ^ 0) 



Q' e Cohi+>(^*) 



T'" e{T-) I 

Denote by pr-r" ,Ptq* the projections and by pre the projection to the curve C 
defined by the support of T". 

Let Flag^-. ^ be the stack defined as above with the roles of T" and T"* inter- 
changed, i.e. T'" E Coh^ g and T" G {T'), and denote its projections by rpg. 
etc. 

Lemma 7.7. We have a canonical isomorphism of sheaves 

R(prQ. X prc)\pr^,.C^ = R(rpg. x rpc)\rp'!j-„.C\ 

on Coh^+''"^(^^ xC. 

Proof: This is similar to the proof of Lemma 17.51 Over the open substack of 
Coh^'lg'''^^'^ ■* where the support of the torsion sheaf is not equal to suppiT') = p 
the stacks Flagi^T' and FlagT',i are isomorphic, because there are no extensions 
between sheaves supported at different points. Therefore the claimed isomorphism 
exists over this subset. To extend it, we again reduce to the case (C, S) — (A^, {0}) 
and note that the maps prg. , rpQm are projective and the map prq-" (resp. rpx'" ) 
can be factored as 

The first map is a generalized vector bundle, and the second one is the projection 
of a product, therefore both maps are locally acyclic. Hence we can use the exact 
triangle 

of Proposition 14.11 once more. If we replace £^ by one of the sheaves Rj'*Eoo or 
j\^oo{—n) of Proposition 14. II the lemma follows from the Leray spectral sequence. 
Therefore the lemma follows for as well. □ 

8. The vanishing theorem implies that jHomjFl = jHom,!*F| = RiHom,*F| 

With the notations of the fundamental diagram (0) of Section 2 we have 

Proposition 8.1. Assume that the vanishing theorem \7.1\ holds for k < n. Then 
for k < n we have jHomjFl = iHom.!*F| and thus for k < n we have Fg , = F|. 

Since we have shown the vanishing theorem for local systems of rank < 3, we 
get in particular: 

Corollary 8.2. For k < n < 3 the sheaves F| ^ F| , are isomorphic. 

^Corollary 

Proof of Proposition l8.ll The Hecke-property of allow us to copy the proof in 
with some minor changes. We use induction, and assume that the proposition 
is true for all k' < k. 

1. Step: The claim is true over the substack of parabolic vector bundles. 

Here every nontrivial homomorphism is injective, that is 

Hom™-' = Homfc — (zero-section) over Bun|°g'^ . 
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Furthermore F| is Gm-invariant, since the Fourier transform preserves this property 
by Pni, Proposition 1.2.3.4. Therefore we can apply Lemma [0.31 and get 

jHomjFl — RjHom,*FE = jHomJ*F| <^ RtTi F| = 0, 

where tt : Hom),"'' — > Bun^'|P°"^ is the projection. 

As in Section 5 we can calculate Fg = F| | in a different way: 




Therefore RttiF^ — '^T:\{ext ® quoi* L^) = i/^fQ((R7rfea;t*L^), and the vanish- 
ing theorem 17.11 implies that iJ^^gj(R7r|'ea::i*L^) = 0. 

2. Step: Induction on the length of the torsion of : 

For any r — (r^^p) denote by 

Cohf;|- := (T' G Coh* .5 I length(torsion(Jf')) < r) 

the stack of parabolic sheaves such that the length of the torsion of the coherent 
sheaves J^^^^p") is bounded by r^^p. 

It is sufficient to prove the proposition after a smooth base change. To get a map 
to torsion free parabolic sheaves (we want to apply the vanishing theorem again) 
we use the stack 

CrfiJI" {£' cT' ^ T'\£' e Bunf7/,.F* G Coh|;|°°V' e Coh^g). 

—^^T. d <r 

From Lemma 16.31 we know that the forgetful map Cohj, g Coh-^'^- is smooth. 
And the map 

gr : CohJI" ^ Bunf^/ x Coh^^^ 
is a vector bundle, since dim(Extpara('?"*, f )) is constant by Lemma ()3.5(l . 

' ——T- 1 h 

Furthermore, over any point of Cohj. ^ we have Ext {Vl*- ,£*) = (by as- 
sumption T' G Coh|'g°°'^), therefore the dimension of IIom(il*^'^^^, £*) is constant, 
so Hom{Q,''^~^ ,£') is a vector bundle over this stack. 

-—^ d,<r 

Consider the base change Homfc of Homfc to Cohj. g , and analogously define 
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By the above, the map 

is also vector bundle, because it is the composition of the map induced by composing 
po s, which has fibres Hom(ri*^'^, and quot. The zero section 

of this bundle is the substack ^ 



length(torsion(J^')) = r and n'^''-^ T' ^ T' 



£' dT' ^ T' 



and this is by induction hypothesis the substack to which we have to extend F|. 
Thus, denote qr — -inj := qrr, — lunminj and again we have to show that 

Horn HomiJ^o^ 

Since this can be checked fibrewise, we fix a point {£*,n'^''-^ T') e Bunf / 

inj 

and denote by Fibrcg. n.,fc-i_>g-. the fibre of Hom^, over this point. 

Step 2.1 Reduction to the case that Q,'''^^^ ^ T* is surjective. 

Factor s : Vl'^^-'^ Im{s) =: T" C T', denote T'/T" =: T'" and set r" := 
deg{T"'). Then for any {n'-''-^ ^ T' ~>* T') e Fibre^. ^.,k-ijL^r' ^'^ 

extension C T'" . Consider the Hecke operator for 



HeckCHominj 



Horn)."-' Hom"^^ x Coh^ g . 

We know by Proposition 16 .21 that F|| is a Hecke eigensheaf and that 

Fibreg._^.,,_i^^. = Fibre^.^n.-fc-i^r" Hom'°^ x Cohf'; Heckenom-j ■ 
Thus, in case that r" is not constant, we can establish our claim that 
i7,*(Fibre^._^.,,_,_^^,F|) = 0, 

since the above Hecke operator is zero bv l6.ll 

If on the other hand r" is constant, we know that it is sufficient to prove the 
claim for Fibre^. si«,fc-i^r'- This has already been done in the case that T" ^ T*. 
Therefore we may assume that /m(17*''^~^) = T" = T'. 

Step 2.2. Assume that Vt*'^'^ T is surjective, i.e. T* = '^"•^-^ jVL'^^-^^-D) 
for some effective parabolic divisor D. 

In this case, giving an element (fi*''^"^ ^ JF*) G Fibrcg. Q.,fc-i_,7-. is the same 
as to give a map r2'"'^^*(— D) £': 

{n'-''-\^D) £',T') ^ {£• c {£' ® Vt'^^-^)/n''^-\-D)) 



^Note that, if there is a spHtting of JF* — » T' , then there is a unique one, since torsion(.F*) is 
a subsheaf of T' . 
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And indeed for any square 

> T' » T' 

we automatically get that !F' = £* ®n'.'»-i(-i5) 

Thus we get an isomorphism Fibre£. o.,fc-i^7-. Hom(il'''^^^(— Z?), f ). Fur- 
thermore under this isomorphism Fglpibro becomes the sheaf on Bun^ ^ constructed 
in the same way as F|, by replacing fi*''^"^ by Q.''^~^{—D). More precisely, since 

we have again: 



ext 




Bunf / Bun^ ^ X Cohf g 



Here ext is the composition 

{£:,gr{£l)^n'''^-\~D)®®';zlQ.''^) > H'(C,n\~D)) ® ^^zl H\C,^') 




H^(C,Q.) 



and therefore 

FElpibrCj. ^,.,k-l^r - (R-forget^ {qUOt*CE (E> eif* 1,0 ))| Fibre of TT over £• ■ 

But here we can apply the vanishing theorem again, because 

R(7r o forget) \ {quot* £,£ ® ext*L^) = H^f^^{'Rniext*L^) — 0. 
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